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ABSTRACT

Lellis Thivagar introduced the notion of Nano topology by using theory approximations and boundary region of
a subset of a universe in terms of an equivalence relation on it and also defined nano closed sets, nano-interior
and nano-closure in a nano topological space. In 2019, A. Pushpalatha and S. Sridevi introduced and investigated
a new class of nano closed sets called nano semi c* generalized closed sets. They studied its basic properties and
its relation to various other nano closed sets. The class of sets namely N . -open sets are playing more important
role in topological spaces, because of their applications in various fields of Mathematics and other real fields.
This paper is devoted to the introduction of N, , -Sc*g-separation Axioms namely N, -Sc*g-T, space,
N ,, Sc*g-T, space, N, -Sc*g-T, space, N, -Sc*g-regular space, N, -Sc*g-normal space, almost
N .., -Sc*g-normal space, mildly N, -Sc*g-normal space, N ., -Sc*g-compact space, N, -Sc*g-connected
space, N, -sc*g-closed graph and strongly N, -sc*g-closed graph in Nano topological spaces. We

ano

investigate the fundamental properties and characterizations of these spaces in Nano topological spaces.

ano ano

IndexTerms— N ., -Sc*g-T, -space, N, -Sc *g-regular space, N ., =Sc*g-normal space,

ano

N .., “Sc*g-compact space, N, -Sc*g-connected space, N, -Sc*g-closed graph

INTRODUCTION

Topology and its branches have become hot topics not only for almost all fields of mathematics, but also for
many areas of science such as chemistry, and information systems. General Topology is vast and has many
different inventions and interactions with other fields of Mathematics and Science. Lellis Thivagar introduced
the notion of Nano topology by using theory approximations and boundary region of a subset of a universe in
terms of an equivalence relation on it and defined Nano open sets, Nano closed sets, Nano-interior, and Nano-
closure in Nano topological spaces. This paper is devoted to the introduction of N, -Sc*g-separation Axioms
namely N, -Sc*g-T, space, N, -Sc*g-T, space, N, -Sc*g-T, space, N, -Sc*g-regular space,
N ,, Sc*g-normal space, almost N, -Sc*g-normal space, mildly N, -Sc*g-normal space,
N ,, -Sc*g-compact space, N, -Sc*g-connected space, N ,, Sc*g-closed graph and strongly
N .., Sc*g-closed graph in Nano topological spaces. We investigate the fundamental properties and

characterizations of these spaces in Nano topological space.

PRELIMINARIES

Definition 2.1. Let u be the universe, R Dbe an equivalence relation on u and
T, (X)={UgL, (x),U, (x).B, (x)} where x cu.Then T, (x) satisfies the following axioms.

() vand geT, (X).
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(2) The union of any subcollection of T_ (x) isin T_(x).
(3) The intersection of the elements of any finite subcollection of T_ (x ) isin T (x).

Then T, (x )isatopology on u called the Nano topology on u with respect to x, (U,TR (x )) is called the Nano

topological space (Briefly N, -Top -Space). The elements of T, (x)are called as nano-open sets. The
complements of the nano-open sets are called nano-closed sets.

Definition 2.2. Let (u,T, (x)) bea N, -Top-Space and A <x.Then

*.The Nano interior of a set A is defined as the union of all N ., -open subsets contained in A and it is denoted
by N, -Int(a). N, -Int(a) isthe largest N, -open subset of a .

**_ The Nano closure of a seta is defined as the intersection of all N, -closed sets containing A and it is
denoted by n, -CY2). N, -CYA ) isthe smallest N, —closed set containing a .

Definition 2.3. Let (U,TR (x )) bea N, -Top-Spaceand A c U.Then a iscalled a
(1) N, -pre-closed setif N, -c{N ,, -Int(2)]cA .

(2) N ,,, -semi ~closed set if N, -Int[ N, (2 )]<A .

(3) N 4, -t Closed set if N, -CI N, ~Int(N ,, -CI2 )| <A .

(4) N ,,, -regular -open set if A =N, -Int[ N, -cl(2)]

(5) Ny, -regular —closed set if N, I[N, -Int(a)]=A .

(6) N, —generalized closed (briefly N, g-closed) setif n,, -Cl(A )= G, whenever 2 =G and G is N ,,, -open
setin U.

(7) N =5 ~closed set if N, I[N, -Int(a)]cA.

(8) N, —generalized semi closed (briefly N, gs-closed) set if N, s-CI(2)cG whenever A =G and G is
N ,., -Open setin U.

(9) N, -B-closed setif v, -cl[ v, -1nt(N ,,, <l(2 )] <A
(8) N 4 —o-open setif A =, -Tnif N, -CAN , ~Tmi(2 ))].

(10) Nano c*-set (briefly N, -c*=set) if A =GN ¥, where G is N, -g-open setand F isN ,, -o.-open set
in U.

(11) Nano o generalized closed (briefly N ,,, -ag—closed) set if N, 0-Cl(2)cG, whenever 2 G and G is
N ,,, —0penin U.

The complements of the above nano open (closed) sets are called their nano closed (resp. open) sets.
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Definition 2.4. A subset o ofa w,, -Top-Space (U,T, (x)) is called a nano semi <= generalized closed
(briefly N ,,, ~sc*g—closed) set if n,, sCl(a )< G, whenever A <G and G is N, -c*=set in (U,T, (X)).

Definition 2.5. Let (u,T, (x)) bea N, -Top-Space and 2 cU.Then a is called n,, sc*g-open, if A° is
N, -Sc*g-closed. The family of all N, -sc*g-open (resp. N ,,, -sc*g-closed) sets in (U, T, (x)) is denoted

by ~ ., —SC*g—O(U)= N o —Sc*g—O(U,TR (X )) (resp. N ., Sc*g=C(U)=N —SC*g—C(U,TR (x )))

Definition 26. Let (u,T, (x)) be a N, -Top-Spaceand A cuU. Then the N, -sc*g-interior and
N ., —Sc*g—closure of A are defined and denoted as follows:
N, —sc*g-Int(2 )=U{G :GeN ,,, -sc*g-O(U,T, (X ))and Gc A |.

N o —sc*g=Cl(2 ) =N{H :H eN ,, -sc*g-C(U,T, (x))and & cH}.
Theorem 2.7. A N, —Closed set o ina N, -Top -Space (U,TR (x )) IS N ,,, —sc*g—closed set.

Proof. Let o bea N, —closed setin U.Let G bea N,,-c*set suchthat A cG.Since A is N, —closed
set we have N, -Cl(A)=A <G.But, N, -=Cl(2)cN,, -Cl(2 )<=G. Therefore N, =CI(2 )= G where G
IS N ,,-c*set. Hence A isa N, -sc*g-closed setin U.

Theorem 28. In a N, -Top-Space (U,T, (x)), the intersection of any two N, -sc*g-closed sets is
N ,,, —sc*g-closed.

Theorem 2.9. Let A and B be N, -sc*g-opensets in a N, -Top-Space (U, T, (x)). Then 2 UB is also
N, ~Sc*g-open setin (U,T, (x)).

Proof. Let o and B be N, -sc*g-open setsin (U, T, (x)). Then a°and B® are N, -sc*g-closed sets in
(u,T, (x)). By Theorem 2.8, A°NB°=(2 UB)  isa N, -sc*g~closed setin (U,T, (x)). Therefore » NB is
N, ~Sc*g-open setin (U,T, (x)).

Definition 2.10. A function f:(u,T, (X))—)(V,TR/(Y)) is called N, -sc*g-irresolute if (1) is

N, —sc*g-opensetin (u,T, (x)) foreach v, -sc*g-open set 5 in (v,T_,(Y)).

Definition 2.11. A function f:(u,T, )—>( (Y ) is called quasi N, -sc*g-irresolute if for each xeu
and for each H eN ,, -sc*g-O(v,T_,(v)) with f(x)en, there exist Ge N, -sc*g-O(U, T, (x)) such that
xeG and f (G)g N .o —sc*g—Cl(H )

Definition 2.12. A function f:(u,T, (x))—>(v,T,,(¥))is called N, -sc*g-continuous if (1) is

N, -sc*g-open setin (u,T, (x)) foreach N, -open set u in (V,TR,(Y)).

Definition 2.13. A function f:(u,T, (x))—>(v,T_,(¥)) is called N, -sc*g~closed if the image of every

N, ~closed setin (U,T, (x)) is N, -sc*g~losed in (v,T_,(Y)).
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Definition 2.14. A function f:(u,T, (X))—)(V,TR/(Y)) is said to be N, -sc*g-open if f(c) is

N, ~sc*g-open for each N, -open set G in (U,T, (X)).

Definition 2.15. A function f:(u,T, (x))—>(Vv,T,,(Y) ) is said to be strongly N, -sc*g-closed if the image

f(G) is N, -sc*g~closed in (v,T_,(y)) foreach v, ~sc*g~closed G in (U,T, (X)).

Definition 2.16. A function f:(u,T, (x))—(v,T_,(¥)) is said to be strongly N ,,, -sc*g-open if the image

f(G) is N, —sc*g-open setin (v,T_,(v)) foreach N, -sc*g-open set G in (uU,T, (x)).

Definition 2.17. A function f:(u,T, (x))—>(v,T,,(v)) is said to be contra N, -sc*g-closed
(resp. contra N, -sc*g-open) if the image of every n_ -closed (resp.N,, -open) set in (uU,T, (x)) is

N ,,, ~sc*g-open (resp. N ,,, -sc*g—closed) setin (v,T_,(v)).
3. Nano Semi C* Generalized Separation Axioms

In this section, we introduce and study the concepts of N, -sc*g-T,-Space, N, -Sc*g-T, -Space, and
N ,,, =Sc*g-T, -Space via N, -Sc*g-open setsin N, -Top -Spaces.

Definition 3.1. A N, -Top -Space (U,T, (X)) is called ~ ,, -T, -Space, if for any two points x,ye U such that
x# ythere existsa N, -open set containing one of them but not the other.

Definition 3.2. A N, -Top-Space (U,T, (x)) is called N, -sc*g-T, -Space, if for any two points x,ye U
with x = y,there exists a N ,, -sc*g-open set containing one of them but not the other.

Theorem 33. A N, -Top-Space (U,T, (X)) is N, Sc*g-T, -Space, if and only if N, -sc*g-closures of
distinct points are distinct.

Proof. Let x,y be distinct points of u. Since u isa N, Sc*g-T, -Space, there exists a N ,,, -Sc*g-0open
set ¢ suchthat xeG and y¢G. Consequently, u -G isa N ., -Sc*g-closed set containing y but not x. But

N,,Sc*g-Cl({y}) is the intersection of all N, -sc*g-closed sets containing y. Hence
yeN ,, sc*g—=cl({v}) but x¢N ,, sc*g-cl({y}) as x¢U -G, Therefore

N, —Sc*g—Cl({x}) #N .0 —Sc*g—Cl({y}).

Conversely, let N, -sc*g-Cl({x})# N, sc*g-Cl({y}) for x= y. Then there exists at least one point ze U
such that zeN ,, sc*g-cl({x ) and zg¢N,, sc*g-Cl({y}). Suppose x¢N,, sc*g-cl({y}) because if
xeN 4 —Sc*g—Cl({y}), then { } —SC*g—CI({y}) implies n —Sc*g—Cl({x})gNmo —Sc*g—Cl({y}). So
zeN ,, sc*g-Cl({y}) which is a contradiction. Hence xg¢N,, sc*g-cl({y}) which implies
xeH =[U —[N o —Sc*g—Cl({y})ﬂ which is a N, -sc*g-open set containing x but not y. Hence u is a

N .., -Sc*g-T, -Space.

Theorem 3.4. If f:(uU,T, (x))—>(V,T ,(Y)) is an injective, N ,,, -sc*g-irresolute function and (v,T_,(v))

isa N, -sc*g-T, -Space, then (U,T, (X)) isa N, -5c*g-T, -Space.
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Proof. Suppose v isa N ,,, -Sc*g-T, -Space. Let x and y be any two distinct pointsin u.Since f is injective,
so f(x) and f(y) are distinct points in v. Since v isa N ., -sc*g-T, -Space, there exists a N, -sc*g-open
set m in v containing f(x) butnot f(y). Againsince f is N, -Sc*g-irresolute, f™(H)a N, -Sc*g-open
set in u containing x but not y. Therefore u isa N ,,, -Sc*g-T, -Space.

Theorem 35.1f f:(u,T, (X ))—>(V,TR,(Y)) is an injective, N, -sc*g-continuous function and (V,TR,(Y))

isa N, T, -Space, then (U, T, (x)) isa N, -sc*g-T, -Space.

Proof. Suppose (v,T,,(Y)) isa N, -sc*g-T, -Space. Let x and y be any two distinct points in u. Since f
is injective, so p=f(x) and g= f(y) are distinct point in v. Since (v,T_,(¥)) isa N, -T, -Space, there
existsa N, -open set 1 in v containing p = f (x) butnot g= f(y). Againsince f is N, -Sc*g-continuous,
G=f'(u) is a N, -sc*g-open set in U containing x but not y. Therefore (u,T,(x)) is a
N .., =Sc*g-T, -Space.

Definition 3.6. A N, -Top-Space (U,T, (x)) is called N, -T, -Space, if for any two points x= y,there exist
two N, -open sets G and B with xeG, y¢G and x¢H, yeH .

Definition 3.7. A N, ~Top-Space (U,T, (x)) iscalled N, sc*g-T, -Space, if for any two points x = y, there
exist two N, -Sc*g-open sets G and H with xeG, y¢G and x¢H, yeH .

Theorem 38. A N, -Top-Space (U,T, (X)) is N, -Sc*g-T, -Space if every singleton subset {x} of v isa

N, Sc*g—closed setin (U,T, (x)).

Proof. Suppose {x}isa N, -sc*g-closed set forevery xeu.Let x and ye U with x= y. Now x= y implies
yeU—-{x}. Hence u-{x} is a N, -Ssc*g-open set containing y but not x. Similarly uv-{y} is a
N .., -Sc*g-open set containing x but not y. Hence u isa N ,,, -Sc*g-T, -Space.

Theorem 3.9. If f:(u,T, (x))—>(Vv,T,,(Y)) is an injective, N ,,, sc*g-irresolute function and (v,T_,(¥))

isa N, -sc*g-T, -Space, then (U,T, (x)) isa N, -sc*g-T, -Space.

Proof. Let p and g be pair of distinct points in u. Since f is injective, there exist two distinct points x and
y of v suchthat f(p)=xand f(g)=y.Since v isa N ., -sc*g-T, -Space, there exist N, -sc*g-open sets
G and B in v suchthat xeG, y¢G and x¢H, yeH . Thatis pef™(G), pef* () and ge f*(1),
ge f7(G). Since f is N, sc*g-irresolute function, »=f"(G), o =f"(n) are N, Sc*g-open sets in
u. Thus for two distinct points p and g of u there exist N, , -Sc*g-open sets p and ¢ such that pep,
p#0 and geo, gg¢P . Therefore (U,T, (x)) isa N, -sc*g-T, -Space.

Theorem 3.10. If  f:(u,T, (x))—>(v,T_,(Y)) is N, Sc*g-continuous, injection and (v,T_,(¥)) is a

N ., =T, -Space, then (U,T, (X)) isa N, -Sc*g-T, -Space.

Proof. Let p and g be two distinct points in u. Then there exist two distinct points x and y of v such that
f(p)=xand f(g)=y.Since v isa N, -T, -Space, there exist N, -open sets G and u in v such that
x€G, ye¢G and xg¢H, yeH.Thatis pef™(c), pef™(a) and ge f?(H), ge f7(G). Since f isa
N ,,, -Sc*g-continuous function, p =f*(G), o =f*(n) are N, -sc*g-open setsin u. Thus for two distinct
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points p and g of u there exist N, -Sc*g-open sets p and ¢ suchthat pep and pgo and geQ and
qe P . Therefore (U,T, (X)) isa N, Sc*g-T, -Space.

Definition 3.11. A N, -Top -Space (U,T, (x)) is called N, -T, -Space, if for any two points x= y, there
exists disjoint N ., -open sets G and 5 with xec and yeH.

Definition 3.12. A N, -Top -Space (U,TR (x )) is called ~ ., -sc*g-T, -Space, if for any two points x= y,
there exists disjoint N, , -sc*g-open sets G and H with xeG and yeH.

Theorem 3.13. If f:(u,T, (x))—>(v,T_,(Y)) is a N, -Sc*g~continuous injection, and (v,T_,(Y)) isa

N .., -T, -Space, then (U,TR (x )) isa N ,, -sc*g-T, -Space.

Proof. Let p and g be two distinct points in u. Then there exist two distinct points x and y of v such that
f(p)=xand f(g)=y.Since v isa N, -T, -Space, there exist disjoint N, -open sets G and # in v such
that xec and yen.Thatis pef?(c) and gef™(n). Since f isaN,, -sc*g-continuous function,
p=f*), o=f'(n) are N, -Scxg-open sets in u. Further as f is injective,
pNo =f*(c)Nf*(u)=f"(g)=¢. Thus for any two distinct points p and g of u there exist disjoint
N, -Sc*g-open sets P and o suchthat pep and geo . Therefore (U,T, (X)) isa N, -Sc*g-T, -Space.

Theorem 3.14. If f:(u,T, (x))—>(v,T_,(Y)) is an injective, N ,, -sc*g-irresolute function and (v,T_,(¥))

isa N, -sc*g-T, -Space, then (U,T, (X)) isalsoa N, -sc*g-T, -Space.

Proof. Let p and g be any two distinct points in u. Since f is injective, there exist two distinct points x and
y of v such that f(p)=x and f(g)=y. Since v is a N ,, -sc*g-T, -Space, there exist disjoint
N ., -Sc*g-open sets ¢ and n in v suchthat xeG and yeH .Thatis pe f™(G) and ge f™(n), Since
f isan ,, -sc*g-irresolute function, p=f"(c), o =f*(n) are disjoint N, sc*g-open sets in u. Thus
for any two distinct points p and g of u there exist disjoint N ., -Sc*g-open sets p and ¢ such that pe P
and geo . Therefore (U,T, (X)) isa N, -Sc*g-T, -Space.

Theorem 3.15. A v, ~Top -Space (U,T, (x)) is N, -sc*g-T, -Space ifand only if for each x= y there exists
a N, -sc*g-open set G suchthat xeG and ye N ,, -sc*g-Cl(G).

Proof. Assume that u is aN,,6 -sc*g-T, -Space. Let x,yeU and x=y, then there exist disjoint
N ,, —sc*g-open sets G and B in U suchthat xec and ye# .Clearly, u -8 is N, -sc*g-closed set.
Since GNH =¢, GcU-H . Therefore N, -sc*g-Cl(G)c N,, -sc*g-Cl(U-H )= U-H.NOW ygU-H
implies yeN ., -sc*g-Cl(G).

Conversely, let x,yeU and x= y. By hypothesis, there exists a N ., -sc*g-open set ¢ such that xec and
y&N ., -sc*g-Cl(G). Let H =U =[N, -sc*g-Cl(G)]. Then G and n are two disjoint N ,,, -sc*g-open sets

suchthat xeG and yen . Therefore (U,T, (x)) isa N, -sc*g-T, -Space.

Proposition 3.16. Every N, -T, -Space [k=0,12] is N ,, -sc*g-T, -Space.
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Theorem 3.17. If f:(u,, (x))—>(v.T,,(¥)) is a bijective strongly N, -sc*g-open and U is
N .., —sc*g-T, -Space, then v isalso N , -sc*g-T, -Space.

Proof. Let p and g be two distinct points of v. Since f is bijective there exist distinct points x and y of u
suchthat f(x)=p and f(y)=gq. Since v is N, -sc*g-T, -Space, there exists a N, -sc*g-open set G such
that xeG and yeG. Therefore p=f(x)e f(G) and q=f(y)e f(G). Since f being strongly N, , -sc*g-open
function, f(G) is N, -sc*g-open in v. Thus, there exists a N ,, -sc*g-open set f(G) in v such that
pef(G)and qef(G). Therefore v is N, -Sc*g-T, -Space.

Theorem 3.18. The property being N, -Sc*g-T, -Space is preserved under bijection and strongly
N .., -Sc*g-open function.

Proof. Let f:(u,T, (x))—(v.T,,(v)) be bijective and strongly n,, sc*g-open function. Let u be a
N .., -Sc*g-T, -Space and p, q be any two distinct points of v. Since f is bijective, there exist distinct points
x,y of u suchthat p=r£(x) and g=£(y). Now v beinga N, -sc*g-T, -Space, there exist N ,, -Sc*g-open
sets c and H such that xeG,ye¢G and xegH,yeHn . Therefore p=r£(x)e f(G) but g=1(y)e f(G) and
p=f(x)e f(G). Now f being strongly N ,,, -sc*g-open, f(G) and f(H) are N, -sc*g-open subsets of v
such that pe f (G) but g¢ f(G) and ge f (1) while pe f (1 ). Hence v.is N ., -Sc*qg-T, -Space.

4. Nano Semi C* Generalized Regular Spaces

In this section, we introduce and study the concepts of N ,,, -Sc*g-regular and almost N ., -sc*g-regular spaces
via N, -Sc*g-open sets in N, -Top -Spaces.

Definition 4.1. A N, -Top -Space (U,T, (X)) is called N ,,, -regular space, if for each v, -closed subset ¥
of u and each point xeuU —F, there exist two disjoint N . -open sets G and H suchthat xeG and F cH .

Definition 4.2. A N, -Top -Space (U,TR (x)) is called N ,,, -sc*g-regular space, if for any point xeu and
N .., —Closed F of u suchthat xg F,there exist two disjoint N ., -sc*g-open sets G and H such that xeG

ano

and F cH.

Theorem 4.3. Every N ., -regular space is N ., -Sc*g-regular.

Theorem 4.4.1f f :(U,T, (x ))—)(V,TR/(Y)) IS N,,-Sc*g-irresolute, N, —closed injection and v is
N .., -Sc*g-regular space then U is N . -Sc*g-regular space.

Proof. Let k be N, —closed setin u and x¢k .Since f is injection, N, —closed f(K) is N, —Closed
setin v suchthat f(x)e f(x). Now v is N, -sc*g-regular, there exist disjoint N, -sc*g-open sets G and
H such that f(x)ec and f(k)cu, which implies xef™(c) and k< f?(m). Since f s
N ., —sc*g-irresolute, f*(c) and f*(n) are disjoint N, -sc*g-open sets in u. Therefore v is
N ., =Sc*g-regular space.

Theorem 45. If f:(u,T, (x))—>(v,T,,(Y)) is N, -continuous surjective, strongly N, -sc*g-open
functionand u is N ., -sc*g-regular space then v is N, -sc*g-regular space.

www.jamsjournals.org Page 997


https://jamsjournal.org/JAMS

JOURNAL OF ADVANCED MULTIDISCIPLINARY STUDIES (JAMYS)
JAMS | Autumn Conference September 2026 | DOI: 10.68050/JAMS

Proof. Let k be N, —closed setin v and y¢K . Take y= f(x) forsome xe u.Since f is N, —continuous
surjective, (k) is N, —closed set in u such that x¢ f*(x). Now u is N, -sc*g-regular, there exist
disjoint N, -sc*g-open sets G and m such that xec and f™*(x)cu, That is y=f(x)ef(c) and
K < f(u). Since f isstrongly N, -sc*g-open function, f(c) and f(x) are disjoint N, -sc*g-open sets
in v. Therefore v is N ,,, -Sc*g-regular space.

Theorem 4.6.1f f :(U, T, (x))—>(v,T_,(¥)) i N, -Sc*g~continuous, N ,,, ~closed injection and v is ultra-
regular space then u is N, -Sc*g-regular space.

Proof. Let k be N, —closed setin u and x¢k .Since f is N, —closed injection, f (k) is N, —closed set
in v suchthat f(x)e f(x). Now v is ultra-regular, there exist disjoint N, —clopen sets ¢ and u such that
f(x)eGc and f(x)cH, which implies xe f*(c) and Kk < f*(n). Since f is N, -sc*g-continuous,
f*(c) and f*(n) aredisjoint N, -sc*g-open setsin u. Therefore u is N, -sc*g-regular space.

Theorem 4.7. If f :(U,T, (x))—>(V,T,,(Y)) is N ,, -continuous bijective, N ,,, -sc*g-open functionand v is
N .., —regular space then v is N,  -Sc*g-regular space.

Proof. Let K be N, —closed setin v and y¢K . Take y= f(x) forsome xe u.Since f is N, —continuous
bijective, f*(x) is N, —closed set in u such that xe f*(x). Now u is N, -regular space, there exist
disjoint open sets G and 1 suchthat xeG and f*(x)cu .Thatis y=f(x)e f(G) and K < f (1 ). Since f
is N, -sc*g-open function, f(c) and f(n) are disjoint N, -sc*g-open sets in v. Therefore v is
N ., =Sc*g-regular space.

Theorem 4.8. If f :(u,T, (x))—>(v,T,,(¥)) is N, -continuous bijective, contra N ,,, Sc*g-closed function
and u is ultra-regular space then v is N ,,, -Sc*g-regular space.

Proof. Let K be N, —closed setin v and y¢K . Take y= f(x) forsome xe u.Since f is N, —continuous
bijective, (k) is N, -closed set in U such that x¢ f *(x). Now u is ultra- regular, there exist disjoint
clopensets G and n suchthat xec and f(x)cu .Thatis y=f(x)e f(c)and x < f(u). Since f iscontra
N ., Sc*g—closed function, f(c) and f(n) are disjoint N, -sc*g-open sets in v. Therefore v is
N .., —SC*g-regular space.

Theorem 4.9.1f f :(U,T, (x ))—>(V,TR,(Y)) IS N, -Sc*g-continuous, N ., —closed injection and v s

N ,., —regular space, then v is N, -Sc*g-regular space.

Proof. Let k be N, —closed setin u and x¢k .Since f is injection, N, —closed f(x) is N, —Closed
setin v suchthat f(x)e f(x). Now v is N, -regular, there exist disjoint N, -open sets G and 1 such that
f(x)ec and f(x)cH, which implies xe f*(c) and x < f*(u). Since f is N, -Sc*g-continuous,
f*(c) and f*(n) aredisjoint N, -Sc*g-open setsin u. Therefore u is N, -Sc*g-regular space.

Theorem 4.10. If f :(uU,T, (x))—>(v,T,,(¥)) is N, -continuous bijective, N ,,, -sc*g-open functionand U is
ultra-regular space then v is N ,,, -Sc*g-regular space.

Proof. Let Kk be N, —closed setin v and y¢K . Take y= f(x) forsome xe u.Since f is N, —continuous
bijective, f*(x) is N, —closed set in u such that x¢ f*(x). Now u is ultra regular, there exist disjoint
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clopen sets ¢ and u such that xeG and f*(k)cu, Thatis y=f(x)ef(G) and Kk c f(u). Since fis
N ., Sc*g-open function, f(G) and f(n) are disjoint N, -sc*g-open sets in v. Therefore v is
N . =Sc*g-regular space.

Theorem 4.11. If f:(u,T, (x))—>(v,T_,(Y)) I8 N, -continuoussurjective, strongly N, -sc*qg-open
function and u is ultra-regular space then v is N . -Sc*g-regular space.

Proof. Let k be N, —closed setin v and y¢K . Take y= f(x) forsome xe u.Since f is N, —continuous
surjective, f*(x) is N, —closed setin u suchthat xe f *(x). Now u is ultra- regular, there exist disjoint
clopensets ¢ and 1 suchthat xeG and f*(k)cu, We know that every N, -open setis N -sc*g-open.
Thatis y=f(x)e f(G) and K < f(#). Since fis strongly N, -sc*g-open function, f(G) and f(u) are
disjoint N ,,, -Sc*g-open sets in v. Therefore v is N ., -Sc*g-regular space.

Theorem 4.12. Let (U,T, (X)) beany N, -Top -Space. Then the following statements are equivalent:
(i) u is N, =Sc*qg-regular.

(i) Forevery point xe u and N, -open G containing x there exists N, -sc*g-open set # suchthat xen <
N ., —sc*g-Cl(H )c=G.

(iii) For every N, —closed F, F =ﬂ{N no 5c*g-Cl(G):F cGandGeN ,, sc*g-O(U,T, (X ))}

(iv) For every set k and a N, -open set L such that X N1 #¢, there exists N, sc*g-open o such that
KNo=#¢and N, -sc*g-Cl(0)cL.

(v) Forevery nonempty set k and N, —closed L such that K NL #¢, there exists disjoint N, -sc*g-open
sets s and p suchthat KNs#gand LcP.

Proof. (i)= (ii). Let ¢ bea N, -open G set containing x. Then U -G is N, —closed set not containing x.
Since u is N, -Sc*g-regular, there exists N, -Ssc*g-opensets s and H suchthat xen, u-G<S and
H (s =¢. This implies 5 cu-s. Therefore N, -sc*g-CI(H)c N ,,-Sc*g-Cl(U-5)=U -S. because
U-s is N, -sc*g—closed. Hence it implies that xeH cN,, -sc*g-Cl(H)cU-ScG. That is
XeH €N, -Ssc*g-Cl(H)cG.

(ii)= (iii). Let r bea N, —closed setand x¢F.Then U -F isa N, -open containing x. By (ii), there is
a N ,,, =SC*g-0pen set H such that XeH N ,,-sc*g-Cl(H)cU-F. Hence,
FcCU —[N o —SC*g—=Cl (H )]g U -H . Consequently, v -H is N, Sc*g—closed set not containing x. Put
G=U-[N,, Sc*g-Cl(1)]. This implies rcc and G is N,,-sc*g-open set of ©U and
X¢ N, -sc*g-Cl(G), implies N{v,,-sc*g-Cl(G):F cG&GeN,, sc*g-O(U,T, (x))} <F. But * s
N ,,, —closed and every N ,,, —closed set i N ,,, =Sc*g-closed. Therefore F c
ﬂ{N mo SC*g—CI(G):F G &GeN ,, sc*g-O(U,T, (X ))} IS always true. Thus F=

N{N ,, -sc*g-CI(G):F <G &GeN,, -sc*g-O(U,T, (x))}.

(ili)=(iv). Let KNL#¢ and » is N, -open. Let xeKNL.Then u-L isa N, —closed set not containing
x. By (iii) there exists a N ,, -sc*g-open set G of u such that U-LcG and xeN _ -sc*g-Cl(G), Put
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0=U-[N,,-sc*gCl(G)], then o is N, Sc*g-open set of u, xekNo  and
N ., -Sc*g-Cl(0 )= N ,,, -Sc*g-Cl(U -G)=U -G L.Hence N ,, sc*g-Cl(0 )cL.

(iv)=(v). If KNL=¢,where x is non empty and » is N, —closed, then Kk N(U-L)=¢ and U-L s
N, —open. Therefore by (iv),there exists N, -sc*g-open set s such that kKNs=z¢ and
ScN,,Sc*gCl(s)cU-L. Put P=U —[N a0 —3c*g—CI(s)]. Then p is N ,,-Sc*g-open set of U,
U-LcS and N, -sc*g-Cl(U-S)cP, U-ScP.Hence Lcp.

(v)=(i). Let ¥ be a ~N,, —closed set such that xe¢¥. Then {x}NF =¢. By (v),there exist disjoint
N ., =Sc*g-open sets s and p suchthat {x}Ns=¢ and ¥ <P, and hence U is N, -sc*g-regular.

Definition 4.13. A N, -Top -Space (U,TR (x)) is called almost  ,,, -regular space, if for every  ,,, -regular
closed set F and xg F, there exist disjoint N, -open sets G and H such that xeG and F cH .

Definition 4.14. A N, -Top -Space (U,TR (x)) is called almost N, -sc*qg-regular space, if for every

N .., -regular closed set ¥ and xe¢ F, there exist disjoint N ., -Sc*g-open sets G and 1 such that xeG and
F CH.

Remark 4.15. Every almost N, -regular space is almost N, -Sc*g-regular and every N, -Sc*g-regular
space is almost N ,,, -Sc*g-regular.

Theorem 4.16. Let (U,TR (x )) be any N ., -Top -Space. Then the following statements are equivalent:
(i) u isalmost N, —sc*g-regular.

(i) For every point xeu and N, -regular open set H with xe H there exists an ., -sc*g-open set G such
that XeGc N, -sc*g-Cl(G)cH .
(iii) For each ~ , -regular closed set 7 of u,r = m{N no SC*g—CI(G):F cG&GeN ,, sc*g-0(U,T, (X ))}.

(iv) For every N -subset A cU and each N, -regular open set m with A (H #¢, there exists
GeN,, sc*g-O(U,T, (X)) suchthat A NG=¢ and N, -sc*gCI(G)cH .

(v) For every nonempty N, -subset o of u and each N, -regular closed subset ¥ of u with A NF =4,
there exists G,H e N, -sc*g-O(U,T, (X)) suchthat A NG#¢, F cu and GNH #4.

Proof. (i)=(ii). Let u be a N, -regular open set in U set containing x. Then x¢u -1 and U-H is a
N ., -regular closed set in u. Thus by (i), there exist disjoint N, sc*g-opensets G and k such that xeg,
U-H cK.S0, xeGe N, —Sc*g—CI(G)gN ano —Sc*g—CI(U —K) =U-KcH

(ii)=(iii).Let = be a N, -regular closed in u and xeu-r. Then by (ii), there exits
GeN,, sc*g-0O(U,T, (X)) such that XeGC N, -Ssc*g-Cl(G)c U -F. So,
F cU-[N,,-sc*g-Cl(G)]|=H (say)eN ,, -sc*3-O(U,T, (x)) and GNH =¢.Then x¢ N, -sc*g-Cl(H ).
Therefore it follows that ¥ =N{v ,,, sc*9-Cl(1):F cH &H e, 5c*g-0(U,T, (X))},
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(ili)=(iv). Let o bea n,, -subsetof v and n bea N, -regular open subset of u suchthat A NH =¢. Let
xea NH .Then xeg U -1 . Hence by (iii), there exist w e N, -sc*g-O(U,T, (x)) suchthat y -1 cw and
XgN ,, -sc*g-Cl(w ). PutMm =U —[N ano —SC*g—Cl(W )] Then M is N, Sc*g-open in U and xeM .
Hence 2 NM #¢. Now M cU-w ,S0 N, -Sc*g-CI(M )cU-W cH.

(iv)=(v). Let r be a set as in the hypothesis of (v). Then v -ris N, -regular open set in u with
AN(u-r)=¢ and hence by (iv), there exists N, -sc*g-open set G such that A NG=#¢ and

N . -Sc*g-Cl(G)c U -F. If we put H =U —[N a0 —3c*g—CI(G)], then 1 is N, -Sc*g-open, F cH and
GNH =¢.

(v)=(i). Let ¥ bea N, -regular closed set in u set not containing x. Then F N{x}=¢. Thenby (v), there
exist N ,, -Sc*g-open sets ¢ and H suchthat xeG,F —cH and GNH =¢.

5. Nano Semi C* Generalized Normal Spaces

In this section, we introduce and study the concepts of N ,,, -Sc*g-normal spaces, almost N, -Sc*g-normal
spaces and mildly N ., -sc*g-open spaces via N ,,, -Sc*g-open setsin N, -Top -Spaces.

Definition 5.1. A N, -Top -Space (U,TR (x)) is called w ,,, -noraml space if for any two disjoint N ,, ~closed
sets £ and F, there exist two disjoint N, -open sets G and 1 suchthat EcG and F cH.

Definition 5.2. A N, -Top -Space (U /T, (x)) is called N, -sc*g-noraml space, if for any two disjoint
N .., —Closed sets £ and F, there exist two disjoint N ,,, -Sc*g-open sets G and 1 suchthat EcG and F cH .

Theorem 5.3. Every N ., -noraml space is N ., -Sc*g-noraml space.
Proof. Proof follows from the fact that every N, -opensetis N ., -sc*g-open.

Theorem 5.4. Let f:(u,T, (x))—>(v,T,,(¥)) be N, —continuous, bijective,  ,,, 5c*g-open function from

a N, -normal space (U,T, (X)) ontoa N, ~Top -Space (v.T_,(¥)). Then (v,T_,(¥)) is N, Sc*g-noraml.

Proof. Let £ and F be disjoint N, -closedsets in v. Since f is N, -continuous bijective, f*(E)and
f*(r )are disjoint N, —closedsetsin u.Now u isa N, -normal space, there exist disjoint N ., -open sets
G and 1 suchthat f*(g)cc and f*(F)cH.Thatisec f(G)and F < f(u).Since f is N, -sc*g-open
function. f(G), f(u) are N, -sc*g-open setsin v and f is injective, f(G)Nf(H)=f(¢)=¢. Therefore
v isa N ., -Sc*g-noraml space.

Theorem 55. Let f:(u,T, (X ))—)(V,TR,(Y)) be N ,,-sc*g-continuous, N, -closed injection and

(v,7.,(¢)) isa N, -normal space. Then (U,T, (X)) is N ,,, -5c*g-noraml.

Proof. Let £ and r be disjoint N ,,, —closedsets in u. Since fis N, —closed injection, f() and f(F)
are disjoint N ,, —closed setsin v. Now v isa N ,,, -hormal space, there exist disjoint N .., -open sets G and
H suchthat f(E)cG and f(F)cH .Thatis Ec f*(c) and F < f*(n).Since f is N, -Sc*g-continuous
function, f*(c), f*(n)are N, sc*g-open setsin u.Further f*(c)Nf™"(u)="f"(4)=¢. Therefore u is
a N, -Sc*g-noraml space.
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Theorem5.6. Let f:(u,T, (x))—>(v,T_,(v)) be N, -sc*g-iresolute, N, —closed injection and

(v.T,,(¥)) isa N, sc*g-noraml. Then (U, (X)) is N, -sc*g-noraml.

Proof. Let £ and F be disjoint N, —closed setsin u.Since f is N, —closed injection, f (&) and f(F)
are disjoint N, —closed setsin v. Now v isa N, -sc*g-noraml space, there exist disjoint N, -Sc*g-open
sets G and H such that f(E)cG and f(F)cu. Thatis eEcf’(c) and F cf*(u). Since f is
N, -Sc*g-irresolute, f*(G), f*(n) are N,, -Sc*g-open sets in u. Further f*(c)Nf™*(a)="f"(4)=4.
Therefore u isa N ,, -Sc*g-noraml space.

Theorem 5.7. Let f:(u,T, (x))—>(v,T_,(Y)) be N ,,, 5c*g-continuous bijective, strongly N ,,, -sc*q-open

function and (U,TR (x)) is N, -sc*g-noraml. Then (v.T,,(¥)) isalsoN ,, sc*g-noraml.

Proof. Let £ and  be disjoint N, -closedsets in v. Since f is N, -continuous bijective, f*(£)and
f*(r) are disjoint N, -closedsets in u. Now u is a N, -normal space, there exist disjoint
N ., Sc*g-open sets G and u suchthat f*(e)cc and f*(r)cu .Thatis ec f(G)and ¥ < f(u).Since
f is strongly N, -sc*g-open function. f(G), f(u) are N, -sc*g-open sets in v and f is injective,
f(G)Nf(n)="f(¢)=9¢. Therefore v isa N, -sc*g-noraml space.

Theorem 5.8. Let (U T. (X )) be a N, -Top -Space. Then the following statements are equivalent.
(i) u is N, =sc*g-noraml.

(ii) Foreach ~ ,, —closed set A and for each N, -open set G containing 2, there exists a N, -Sc*g-open
set s containing A suchthat N, -sc*g-Cl(S)cG.

(iii) For each pair of disjoint N, —closed sets A and B there exists a N ,,, sc*g-open set G containing A
such that [N, -sc*g-Cl(G) |NB =9.

Proof. (i)=(ii): Let o bea N, —closed setand G bea N ,,, -open set containing & . Then A N(U -G)=4¢.
Thus o and U-G are N, —closed sets in u. Since v is N, -Sc*g-noraml, there exist disjoint
N, -Sc*g-open sets s and H such that A =S, U-GcH that is U-H cG. Now sH =¢implies
ScU-H .Hence N, -sc*g-Cl(S)c N ,, Sc*g-Cl(U-H)=U-H ,because u -H is N, -sc*g—Closed set.
Thus, A cscN,, -sc*g-Cl(S)cU-H cG. Thatis N ., -sc*g-Cl(S)<=G.

(ii)=(iii):Let A and B be disjoint N —closed setsin u. Then A cU-B and U-B is N, -open set
containing A . By (ii), there existsa N, -sc*g-openset G suchthat A <G and [N a0 —3c*g—CI(G)]gU -B,

which implies [N ,,, -sc*g—Cl(G) |NB =4.

(iii)=(i): Let A and B be disjoint N, —closed sets in u. By (iii), there exists a N ., -sc*g-openset G such
that 2 <G and [N, -sc*g-cl(G)|NB=¢ or BCU-[N,, sc*g-cl(G)]. Puts =u -[ N, sc*g-Cl(G)].
Now Gand # are disjoint N, -Ssc*g-opensets of u such that A ccand BcH. Hence u is
N ., =Sc*g-noraml.

Theorem 5.9. Let (U Ty (X )) be a N, -Top -Space. Then the following statements are equivalent:
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(i) u is N, =sc*g-noraml.

i) Foranytwo N, -sc*g-open sets G and 1 suchthat GUH =U, there exist N, -sc*g-closed sets A an
For any t t d hthat cUn =U, th t N, losed set d
Bsuchthat A ccand BcH and 2 UB =U.

Proof. (i)=(ii): Let Gand B be two N, -Sc*g-opensets in U such that GUH =u. Then G°and H° are
disjoint N ., sc*g-closed sets. Since u is N, -Sc*g-noraml, then there exist disjoint N, -Sc*g-open sets
p and Q suchthat G°cP and H°cQ. Put A =p°and B=0Q°. Then A and B are N, -Sc*g—closed subsets
of ¢ and = respectively such that o UB =U.

(ii)=(i): Let A and B bedisjoint N, -sc*g—closed setsin u.Then A ° and B“are N ., -sc*g-open sets such
that A°UB® =U.By (ii), there exists N, -sc*g—closed sets eand r suchthat EcA®, F cB® and EUF =U.

Then G=E° and H =F © are disjoint N ,,, -Sc*g-open Sets containing A and B respectively. Therefore u is
N ., =Sc*g-noraml.

Definition 5.10. A N, -Top-Space (U,T, (X)) is said to be almost N, -sc*g-noraml if for each

N ,,, -Sc*g-closed A and N, -regular closed B suchthat 2 B =¢, there exist disjoint N ,,, -Sc*g-open Sets
G and 5 suchthat A cG and BcH .

Theorem 5.11. Let (U T, (X )) be a N ,, -Top -Space. Then the following statements are equivalent:
(i) u isalmost N, -sc*g-noraml.

(ii) For each N, —sc*g-open set G and for each N, -regular open set n such that cUn =U, there exist
N ., Sc*g-closed sets A and B suchthat A cG and BcH and A UB=U.

(iii) For every N, -sc*g-closed set A and N, -regular open set G containing A, there exists a
N ., -Sc*g-open set B suchthat A cH <[ N, -Sc*g-Cl(H)]<G.

Proof. (i)=(ii): Let G bea N, -Sc*g-opensetand & bea N, -regular opensetin u suchthat GUH =U.
Puta =u-Gand B=u-H .Then A isa N, Ssc*g-closed setand B isa N ,,, -regular closed setin u such
that 2 NB =¢. Since u is almost N, -Sc*g-noraml, there exist disjoint N, -sc*g-open sets p and @ such
that A <P and BcQ. Put E=u-p and F =U-Q.Then E and F are N, -sc*g-closed sets such that
EcGand F cH and EUF =U.

(i) = (iii): Let A be N, sc*g—closed setand G bea N, -regular open set containing A . Then U -A and
G are N, -Sc*g-open set and N, -regular open set respectively such that (v -a )Uc=u. Then by (ii),
there exist N, -sc*g—closed sets p and Q suchthat p c(u-2)and o cG and PUQ =U.Then A cU -P
and U-GcU-0 and (U-P)N(U-Q)=¢. Put E=u-p and F=U-Q. Then £ and r are disjoint
N ,,, —SC*g-0pen sets in U such  that ACU-P=EcQcG. Thus we obtain
A CEcCN,,sc*g=Cl(E)c N, Ssc*g=Cl(Q)=0 cG.

(iii)=(i): Let A bea N ., sc*g—closed setand B bea N ., -regular closed set in U suchthat 2 (1B =¢. Put
G=U-B.Then B(1G=¢.We have A cG where G isa N ., -regular open set. Then by (iii), there exists a

N ., -Sc*g-open set 5 of U suchthat o cu =N, Sc*g-cl(H)cG. PutM =U [N, -sc*g-Cl(H)]. Then
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M isa N ,,-Sc*g-opensetand H (M =¢. Hence A and B are separated by N ., -Sc*g-opensets H and M .
Therefore u is N ,,, -Sc*g-noraml.

Definition 5.12. A N, -Top -Space (U,TR (x)) is said to be N, -sc*g-Urysohn if for each pair of distinct
points X,yeU, there exist N, -sc*g-open Sets G and u such that xeG, yeH and
[N a0 —Sc*g—CI(G)]ﬂ[N a0 —Sc*g—CI(G)]z(I).

Theorem 5.13. Let y:(u,T, (x))—>(v.T,,(v)) be aquasi v, sc*g-irresolute and injective mapping, where

v is N, -sc*g-Urysohn. Then (U,T, (X)) is N ,,, Sc*g-T,.

Proof. Let p and g be any two distinct points of u. Since y is injective, w(p)=y(q). Again since v is
N ,,, =Sc*g-Urysohn, there exist N ,, -sc*g-opensets x and r in v such that w(p)ek, w(q)eL and
[N Sc*g—CI(K) N[N, Sc*g-CI(L)|=¢. Again since y is quasi N, -Sc*g-irresolute, there exist
N ., -Sc*g-open sets p and ¢ in u containing p and q respectively such that y(p)c N ,,, -Sc*g-CI(K)
and y(Q)cN,, sc*g-Cl(L). Hence w(P)Ny(Q)c N ,,-Sc*g-CI(K)NN ,, -sc*g-Cl(L)=¢. Thus
w(P)Nw(Q)=¢ and so » NQ =4. Therefore (U,T, (X)) is N, Sc*g-T,.

Theorem 5.14. Let the function y:(u,T, (x))—>(v,T_,(v)) be N, -sc*g-open and bijective, where

(U/T. (%)) is W, -sc*g-Urysohn. Then (v,T_,(¥)) is N, -5c*g-Urysohn.

Proof. Let p and g be any two distinct points of v. Since y is bijective, there exist abeu with a=b,
w(a)=p and y(b)=q. Since (U,T, (x)) is N, sc*g-Urysohn, there exist N ,,, -sc*g-open sets G and H

in U suchthat aeG, ben and [N, sc*g-Cl(G)]N[ N, Sc*g-Cl(H )]|=¢. But the N, -sc*g-open -ness
of y ensures that (v -(,, -sc*g-CI(G)))=V -y(N ,, sc*3-CI(c)) and \u(U =(N ,, Sc*g-Cl(H ))) =
V -y(N,, Sc*g-Cl(H)) are N, -sc*g-open sets and so (N ,,, sc*g-Cl(G)) and y(N ,,, sc*g-Cl(H))
are N ., -Sc*g—closed in (V.7 (¥)). Now
[N 1o 5 *g=Cl(y(G)) |N[ N, Sc*gCl(y ()| = N ,,, Sc*g=Cl| (X ,,, 5c*g-CI(G)) N

N -sc*g-Cl[ y(N ,, sc*g—CI(H ) |=y(N ,,, Sc*g-CI(G))Ny(N ,, Sc*g-Cl(H))=¢.

Also, since y is N, -Sc*g-open, y(G) and y(H) are N, -sc*g-open sets in v containing p and q
respectively. Thus (v,T_,(Y)) is N, c*g-Urysohn.

Theorem 5.15. A function f:(u,T, (x))—(v,T,_,(¥)) is strongly N, -sc*g~closed if and only if for each

subset B of v and for each ¥, sc*g-open M in u containing f*(B),there existsa N ,, -sc*g-openset u
containing B suchthat f*(z)cM .

Proof. Suppose that fis strongly N, -sc*g-closed. Let = be a subset of v and
M eN,, -Sc*g-O(U,T, (X)) containing f*(B). Put 1 =v-f(u-u ), then 1 isa N, -sc*g-open set of
v suchthat BcH and f*(H)cM .
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Conversely, let x be any N, -Sc*g-closed set of u. Then f—l[v—f(K)]gU -k and
U-KeN,, sc*g-O(U,T, (X )). There exists a N, -sc*g-open set 5 of v such that v-f(x)cu and
f*(1)cU -k . Therefore, we have f(k)cv-u and K < f™(v-1). Hence, we obtain f(x)=v-u and
f(x) is N, -Sc*g=closed in v. This showsthat f isstrongly N, -sc*g-closed.

Theorem 5.16. If f:(u,T, (x))—>(v,T_,(Y)) is a strongly N, sc*g—losed continuous function from a
N .., =Sc*g-normal space u onto a space v, then vis N, -sc*g-normal.

Proof. Let © and x be disjoint N ,,, ~closed setsin v. Then f~(x)and f(k) are N, —closed sets. Since
U is N, -Sc*g-normal, then there exist disjoint N, -sc*g-open sets ¥ and r suchthat f*(#)cM and
f*(k)cL. By Theorem 5.15, there exist N, -sc*g-open sets o and B such that H cA, K B,
f?(a)cM and f*(B)cL.Also, o and B aredisjoint. Thus, v is N ,,, -Sc*qg-normal.

Definition 5.17. A function f:(u,T, (x))—(v.T_,(v)) iscalled almost N, -sc*g-irresolute if for each x in
U and each N, -sc*g-neighbourhood M of f(x), N ., —5c*g—CI[f‘1(M )J isa N, -sc*qg-neighbourhood of

X.

Lemma 5.18. For a function f:(u,T, (x))—(v,T_,(¥)), the following statements are equivalent:
(i) f isalmost N, -sc*g-irresolute .
(il) £ (H) SN ,,, -sc*g-Int[ N, -sc*g-CI( (1 ))] for every H N ,, -sc*g-O(V,T,,(¥)).

Theorem 5.19. A function f:(u,T, (x))—(v,T,,(v)) is almost N, -sc*g-iresolute if and only if

[N, sc*g-Cl(M )] N, sc*g-CI[ f(M )] forevery M eN ,, -sc*g-O(U,T, (x)).

Proof. Let M en,, -sc*g-O(U,T, (x)). Suppose yeN,,-sc*g-CI[f(M)]. Then there exists
H eN,,-sc*g-O((v,7,(¥));y) such that mNf()=¢. Hence, f7(u)NM =¢. Since
M eN,, —sc*g—O(U,TR (x )), So, N, —Sc*g—ln[ —Sc*g—CI( '(H ))]ﬂN o, Sc*g-Cl(M )=0¢.

Then by Lemma 5.18, f*(1)N[N,, -sc*g-Cl(M )]|=¢ and hence B Nf[N,, -sc*g-Cl(M )]=¢. This
implies that y ¢ f[ N, -sc*g-Cl(M )].

Conversely if HeN,, -sc*g-0(v,T_,(¥)), then P=U —[N , sc*g-CI[ f*(n )]]e
N ., Sc*g-O(U, T, (X)). By assumption, f[ N, -sc*g—CI(P)]=N ,, -Sc*g-CI[ f(P)]and
50, U —[N wo SC*g=INt(N ;s *g-CI( 7 (H )))]: N o Sc*g=Cl(P )< [N, -sc*gCI(f(P))]

c f*l[N wo S0 *g-CI(f (U = 7 (H )))]g fHN,,-sc*gClI(V-E)]c f(V-H)=U-f"(1).
Therefore, it follows that f*(u)cN,, —Sc*g—lnt[N ano —5c*g—CI(f‘1(H ))] By Lemma 5.18, f is almost

N . =SC*g-irresolute.
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Theorem520. If f:(u,T, (x))—>(v,T_,(v)) is a strongly — n,, sc*g-open continuous almost
N .., -Sc*g-irresolute function froma N, -sc*g-normal space u onto aspace v, then v is N ., —sc*g-normal.

Proof. Let o bea N, -closed subset of v and B bea N, -open set containing a . Then by continuity of f,
f*(n) is N,,—closed and f*(B) is a N,,-open set of u such that f*(a)cf™(B). As u is
N, -Sc*g-normal,  there  exists a N ., —SC*g-0pen set M in U such  that
f*(a)cM cN,,-sc*g-ClI(M )c f*(B) by Theorem 57. Then, f[f*(a)]cf(m)c
f[N o -sc*g=Cl( )] f[ f7(B)]. Since f is strongly N, -sc*g-open almost N, -sc*g-irresolute

surjection, we obtain A < f(M )cN,, -sc*g-Cl(f(M ))=B. Then by Theorem 5.7, the space v is
N 0 =SC*g-normal.

Definition 5.21. A function f:(u,T, (x ))—)(V,TR,(Y)) is called

(i) N ., -R -map if f7(H)is N, -regular -open in u for every N, -regular -open set & of v.

(i) completely N, -continuous if f~(H)is N, -regular -open in u for every N, -open set 5 of v.
(iii) quasi N, -sc*g-closed if f(a)is N, ~closed in v for each & eN ,, -sc*g-C(U,T, (X)).

Theorem 5.22. If f:(u,T, (x ))—)(V,TR,(Y)) isa N, -continuous strongly N, -Sc*g-open N, -R -map
and almost N ,,, -sc*g-irresolute surjection from an almost N ., -sc*g-normal space u onto a space v, then v
is almost N, -Sc*g-normal.

Proof. Similar to Theorem 5.20.

Corollary 5.23. If :(u,T, (x))—>(v,T_,(¥)) isacompletely ., —continuous strongly N ,,, -sc*qg-open and

almost N, -Sc*g-irresolute surjection from an almost N, -Sc*g-normal space u onto a space v, then v is
almost N ., -sc*g-normal.

Definition 5.24. A N, ~Top -Space (U,T, (x)) is said to be mildly n,, -sc*g-normal if for every pair of

disjoint regular closed sets o and B of u, there exist disjoint N, -Sc*g-open sets ™M and 1 suchthat A cM
and BcH.

Remark 5.25. The following diagram holds for a v, ~Top -Space (U, T, (X )):

N ., -Sc*g-normal = almost N _, -Sc*g-normal =
mildly N ., —sc*g-normal

Theorem 5.26. Let (U T, (X )) be a N ,, -Top -Space. Then the following statements are equivalent:
(i) u ismildly N, -sc*g-noraml.

(ii) For every pair of N -regular -open sets G and H , whose union is U, there exist N, -sc*g—closed sets
A and B suchthat A cGand BcH and A UB=U.
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(iii) For any N, -regular —closed set A and every N, -regular -open set B containing 2, there exists a
N ., -Sc*g-open set B suchthat o cH [N, -sc*g—Cl(H)]|<B.

(iv) For every pair of disjoint N, -regular -closed sets a and B, there exist N, -sc*g-opensets G and H
suchthat A <G and Bcx and [N, -sc*g-Cl(G) |N[ N ,,, -sc*g-Cl(H)]=4.

Proof. Similar to Theorem 5.11.

Theorem 5.27. If f:(u,T, (x))—>(v.T,,(v)) is a strongly N, -sc*g-open N, -R -map and almost

N .., =Sc*g-irresolute function from a mildly N, -sc*g-normal space u onto a space v, then v is mildly
N ., =SC*g-normal.

Proof. Let o be w,,-regular closed set and B be a N, -regular -open set containing a . Then by
N, -R -map of f, f*(a)isa N, -regular closed set contained in the N, -regular -open set f (). Since
u is mildly N, -Sc*g-normal, there exists a N,,-Sc*g-open set H  such that
f'(a)cH cN,,-sc*g-Cl(# )< f*(B) by Theorem5.25. As f isstrongly N, -sc*g-open and an almost
N .., -Sc*g-irresolute surjection, it  follows  that f(H)eN 4 -sc*g-O(V,T_,(¥)) and

Acf(H)cN,, -sc*g-Cl[ f(2)]|<B.Hence v is mildly v, -sc*g-normal.

Theorem 5.28. If f:(u,T, (x))—>(v,T_,(Y)) is N, -R -map, strongly v, sc*g—losed function from a
mildly N ., -Sc*g-normal space u onto a space v, then v is mildly N, -Sc*g-normal.

Proof. Similar to Theorem 5.20.

Theorem 5.29. Let f:(u,T, (x))—>(v,T,,(¥)) be N, -continuous quasi N ,, -sc*g~closed surjection and u

IS N ,,, -Sc*g-normal, then v is N, -normal.

Proof. Let cand = be any disjoint N ,,, —closed sets of v. Since f is N, -continuous, f™(G) and f™(H)
are disjoint N, -closedsets of wu. Since u is N, -Sc*g-normal, there exist disjoint
KLeN,, sc*g-O(U,T, (x)) such that f*(G)ck and f7(H)cL. Put P=v-f(Uu-K) and
0 =v-f(u-L), then P and o are N, -opensets in v, cp,H <0, f*(P)ck and f*(Q)cL. Since

KNL=¢ and f issurjective; we have P NQ =¢. This shows that v is N ., -normal.

Theorem 5.30. Let f:(u,T, (x))—>(v,T_,(Y)) be a N, closed N, -sc*g-irresolute injection and v is

N ,.,, =Sc*g-normal, then u is N ., -Sc*g-normal.

Proof. Let p and ¢ be any disjoint N ,,, —closed sets of u. Since f is N ,,, ~closed injection, f(p) and f(Q)
are disjoint N, -closed sets of v. Since v is N, -Sc*g-normal, there exist disjoint
GH €N, -sc*g-O(V,T_,(¥)) such that f(P)cG and f(Q)cH . Since fis N, -sc*g-irresolute, f~(G)
and f*(H) are N, -sc*g-opensets of u. We also have pcf™(G) and o0 cf?(xn) as well as

f7(c)N (1 )=¢. This shows that U is N ,,, -c*g-normal.
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Lemma 5.31. A function f :(u,T, (x))—(v,T_,(Y)) isalmost N ,,, -sc*g—closed if and only if for each subset

B of v and each m e, -r -O(U,T, (x)) containing f~(B), there exists a N ,,, -sc*g-open set n of v
suchthat Bcr and f™(H)cM .

Theorem 5.32. Let f:(u,T, (x))—>(v,T_,(¥)) bea v, —continuous almost N ,,, -sc*g~closed surjection. If
U IS N, -normal, then v is N, -Sc*g-normal.

Proof. Let » and o be any disjoint, N, —closed sets of v. Since f is N, -continuous, f (P ) and f™(Q)
are disjoint N, —closed sets of u. Since u is N ,,, -normal, there exist disjoint N, -open sets k and 1. such
that f*(p)ck and f*(0)cL.Now put G=n, -Int[N,, Cl(x)] and B =N, -Int[ N, -CI(L)]. Then
GHeN,, R -O(U,T, (x)), f*(P)ckcG,f'(0)crcHand GNH =¢. By Lemma 5.30, there exists
N ., -Sc*g-opensets o and B of v suchthat pca, ocB, f'(a)ckcG and f*(B)cLcH . Since
GNH =¢ and f is surjective. We have A (1B =¢. This shows that v is N ,, -sc*g-normal.

6. Nano Semi C* Generalized Compactness

Definition 6.1. A collection {k;:ieJ} of N, -sc*g-open sets in N, -Top-Space (U,TR (x)) is called

N, Sc*g-open cover of asubset L of (U,T, (X)), if LcU{K,:ied}.

Definition 6.2. A N ,,, ~Top -Space (U,T, (x)) is called N ,,, -sc*g-compact if every N, -sc*g-open cover of
U has a finite subcover.

Definition 6.3. A subset 1. of N, -Top -Space (U,TR (x)) is called N, -sc*g-compact relative to U if for

every collection {K;:ieJ}of N, -Sc*g-open subsets of U such that L cU{K;:ieJ}, there exists a finite
subset J, of J suchthat LcU{k;:ieJ,}.

Definition 6.4. A subset L of N, -Top-Space (U,T, (x)) is calld N, -sc*g-compactif L is
N .., =Sc*g-compact as a subspace of U.

Theorem 6.5. Every N, -Sc*g-compact space is N ,,, -compact space.

Proof. Assume that (U,TR (x)) isa N, -sc*g-compact space. Let ['={x; :il} bea N, -open cover of U.
Since every N, -opensetis N, -Sc*g-open. Hence I' isa N, -Sc*g-open cover of U. By hypothesis, T’
has a finite sub covering T*={K, :i=1,2,..,n} of u.Hence (U,T, (X)) is N, -compact.

Theorem 6.6. Every N, -Sc*g-closed subset of N, -sc*g-compact space is N ,,, —sc*g-compact relative to
U.

Proof. Let u be N, -sc*g-compact space and X be N, -sc*g-closed subset of U. Then U-x is
N ., Sc*g-opensetin U.Let S={K,:ieJ} be N, Sc*g-open cover of K by N, -sc*g-opensubsets of U.
Then s”=sU{u -k} isa N, -Sc*g-open cover of U.Since U is N, -Sc*g-compact, 5" is reducible to a
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finite subcover of U say U=k, Uk, U..UX, U(U-K),K, €s. But x and u-x are disjoint. Hence
K cK; Uk, U..UK; ,K; es.This implies that any N, -sc*g-open cover s of x contains a finite subcover.
Therefore x is N ,,, -Sc*g-compact relative to U.

Theorem 6.7. If f:(u,T, (X))—)(V,TR,(Y)) is surjective, N _ -sc*g-continuous function and U is

N ,.,, -Sc*g-compact then v is N ., -compact.

Proof. Let f:(u,T, (x))—>(v,T_,(Y)) be surjective, N ,, -sc*g-continuous from N ,,, 5c*g-compact space
(u,T. (x)) to  N,,-Top-Space (v,T,(v)). Let {k;:ieJ} be N, -open cover of v. Since f is
N ., =SC*g-continuous, {f’l(Ki):i S J} IS N ,,, -Sc*g-open cover of U.Since U is N, -Sc*g-compact implies
N ., ~sc*g-open cover {f~(k;):ieJ} has a finite subcover say {f~(x,),f™(x,).... f*(x,)}. Since f is
surjective {k,,K,,...K,} isa N, -open cover of v, which is finite. Hence v is N ,, -compact.

Theorem 6.8. If f:(u,T, (x ))—)(V,TR,(Y)) is N, -sc*g-rresolute and a subset L of U s
N .., =Sc*g-compact subset relative to U, then the image f (L) is N ., —sc*g-compact relative to v.

Proof. Let {k;:icJ} be any collection of N, -sc*g-open subsets of v such that f(r)cU{k;:ieJ}. Then
LcU{f?(x):ied} where {f*(x):ied} is family of wn, -sc*g-open sets in u. Since T s
N ,,, -Sc*g-compact relative to U, the N ., -sc*g-open cover {f*l(Ki):i eJ} of U has a finite subcover say
{f7(x;):ied,}, where J is a finite subset of J such that L cU{f™*(k;):ieJ,}. Thus f(1)cU{Kk, :ieJ,}.
Hence f (L) is N, -sc*g-compact relative to v.

Theorem6.9. A N, -Top-Space (U,T, (x)) Is N, -sc*g-compactif and only if every family of
N .., Sc*g—closed sets of (U,TR (x )) having finite intersection property has a non-empty intersection.

Proof. Suppose (U, T, (X)) is N, -Sc*g-compact. Let Y={G :i<1} be afamily of N, -sc*g-closed sets of
(U,TR (x )) with finite intersection property. Suppose ﬂiel G=¢ Then U ‘ﬂie. G =U. This implies
U.,(v-G)=u. Thusthe cover T'={U -G :iel} isa N, -sc*g-open cover of (U, T, (x)). Since (U, T, (X))
IS N,,-Sc*g-compact. Therefore the N, , -Sc*g-open cover T has a finite subcover say
A={U-G:i=12..,n}. This implies u=J" (u-g) which implies u=u -, which implies (G =4.
This contradicts the assumption. Hence (7). G, #¢.

Conversely, suppose (U,TR (x )) is not N, -Sc*g-compact. Then there exists a N, -Sc*g-open cover of
(U,TR (x )) say Q={H;:iel}having no finite subcover. This implies for any finite subfamily
Q ={H,:i=12..,n} of Q we have (J H,=U, which implies |J (v-5,)=¢4 Then the family
0 ={u-H,:iel} of N, -sc*g—closed has a finite intersection property. Also, by assumption ﬂiel(U —-H)#¢
which implies v -(J._ H,=¢ sothat [ J_#u,#U. This implies Q={g,:iel} is not a cover for (u,T, (x)).
This contradicts the fact that Q={n,:ie1}is a cover for (U, T, (x)). Therefore any N, -sc*g-open cover
Q={H:iel} of (u,r,(x)) has a finite subcover Q ={H,:i=12..n}. Hence (uU,T,(x)) Is
N ., —Sc*g-compact.
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Definition 6.10. A N, -Top -Space (U,TR (x)) is aid to be  ,, -Lindelof space if every ., -open cover of
(u,T, (x)) has a countable subcover.

Definition 6.11. A N, -Top -Space (U,TR (x)) is aid to be N, -sc*g-Lindelof space if every
N ., -Sc*g-open cover of (U,T, (x)) has a countable subcover.

Theorem6.12. Every N, -Sc*g-compact space (U,TR (x )) Is N ,,, -Sc*g-Lindelof space.

Proof. Let (u,T,(x)) be W, -sc*g-compact space. Let {G:iel} be a N, -sc*g-open cover of
(U,T, (X)) Then {G:iel} has a finite subcover {G :i=12,..n}, since (U,T, (X)) is N, -Sc*g-compact.
Since every finite subcover is always a countable subcover and therefore, {G :i=12,...,n} is countable subcover
of {g:iel} for (U,T, (x)). Hence (U,T, (X)) is N, -sc*g-Lindelof space.

Theorem6.13. If f:(U,T, (X ))—)(V,TR,(Y)) is surjective N, -sc*g-continuous function and U s
N .., =Sc*g-Lindelof space, then v is N,  -Lindelof space.

Proof. Let f:(u,T, (x))—(v,T,,(v)) be a v, Sc*g—continuous map from a N ,,, sc*g-Lindelof space
(urT, (x)) onto a N, ~Top-Space (v,T_,(v)). Let {H,:icl} bea N, -open cover of (v,T_,(¥)), then
(x

{f7(n,):iel} isa N, -sc*g-open cover of (U,T,

(%)

), since f is N, -sc*g—continuous. As (U, T, (x))
-1
(H

is N, -sc*g-Lindelof, the N, -sc*g-open cover {f(m;):iel} of (u,T, (x)) has a countable subcover

{f7(n;):iel,} for some countable subset 1, of 1. Therefore —u=(J_ f™*(#,) which implies

f(u)=v=J,, B, Consequently {H,:icl,} isa countable subcover of {1 :iel} for (v,T_,(v)). Hence

(v,7.,(Y)) is v, -Lindelof space.

Definition 6.14. A N, -Top-Space (U,T, (X)) is called countably N, -sc*q-compact if every countable
N .., —sc*g-open of cover of u has a finite subcover.

Theorem6.15. If a N, -Top-Space (U,T, (x)) is N, -sc*g-Lindelof and countably N, -sc*g-compact

space, then (U, T, (X)) is N, ~sc*g-compact.

Proof. Suppose (u,T, (x)) is N ,,, =sc*g-Lindelof and countably N ,,, -sc*g-compact space. Let {G :icl}
bea N, -sc*g-open cover of (U,T, (x)). Since (U,T, (x)) Is N, -sc*g-Lindelof. Therefore {G :icl} has
a countable subcover {Hn:Gin :neN}. Then {Hn=Gi" :neN} is a countable N, -sc*g-open cover of
(u,T, (x)). Again since (U,T, (X)) is countably N, -sc*g-compact space. Hence {Hn =G, ne N} has a
finite subcover {an :k=1,2,...,n}. consequently {an :k=1,2,...,n} is a finite subcover of {G:iel} for

(u,T, (x)). Hence (u,T, (X)) isN , -sc*g-compact space.

Theorem6.16. If f:(u,T, (x))—>(v,T,,(¥)) is N, -sc*g-irresolute function and a subset w of v is

N ,,, —Sc*g-compact relative to u , then the image f(w ) is N ,,, —sc*g-compact relative to v.
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Proof. Let {u,:iel} be any collection of N, -sc*g-open sets in v such that f(w )| H;. Then
wel, (1), where {f*(m):iel} is a family of N, -sc*g-open sets in u. Since w s
N ,,, —sC*g-compact relative to u, there exists a finite subcollection {#, :i=1,2,..,n} suchthat w <|J' f*(&,).
Hence f(w ) is N, —sc*g-compact relative to v.

Corollary 6.17. If f:(u,T, (x ))—)(V,TR,(Y)) is N, —sc*g-irresolute function and a subset w of u s

N .., —sc*g-Lindelof relative to u , then the image f(w ) is N ,, -sc*g-Lindelof relative to v.

7. Nano Semi C* Generalized Connectedness
In this section, we study N, -sc*g-connected spaces in N, -Top -Spaces.We also study the relationship
between N, -connectednessand N .., -sc *g-connectedness and some properties.

Definition 7.1. A N, -Top -Space (U, T, (x )) is said to be N ,,, -connected if (U,T, (X)) cannot be expressed

as a disjoint union of two non-empty N ,,, -open sets. A subset of (U,T, (X)) is N, -connected as a subspace.
A subset is said to be N, -disconnected if and only if it is not N ., —connected.

Definition 7.2. Two non-empty subsets aand & in a N, -Top-Space (U,T, (X)) are said to be
N ,,, -sc*g-separated if A NN, -sc*q-Cl(B)=BNN,, -sc*g-Cl(2 )=4¢.

Definition 7.3. A N, -Top -Space (U,TR (x)) is called N,,-sc*g-connected if there is not a
N ,., —sc*g-separation of u.Otherwise, it is called N ,,, -sc*g-disconnected.

Definition 7.4. A subset 2 of a N, -Top-Space (U,T, (x)) is called N, -sc*g—connected if there is no a
N ,,, —sc*g-separation of a . Otherwise, it is called N, -sc*g-disconnected.

Theorem75. If G and H are N, 6 -sc*g-separated and A <G, BcH, then o and B are also
N ,,, —SC *qg-separated.

Proof. Let ¢ and B be N, -sc*g-separated. Then GNN ,, -sc*g-Cl(H )= H N, -sc*g-Cl(G)=4.
Since A cG and BcH,N,, -sc*g-Cl(A )c N ,, -sc*g-Cl(G) and N, -sc*g-CI(B)c N, —sc*g-Cl(H )
which implies, A N[N, -sc*gCl(B)]c GN[N ,, -sc*g-Cl(H ) ]=4¢ and hence
AN[N,, -sc*g-CI(B)]=¢. Similarly BN[N,, -sc*g-Cl(2)]=¢. Therefore a and & are
N ,,, —SC *qg-separated.

Theorem 7.6. Each two N, —sc*g-separated sets are always disjoint.

Proof. Let ¢ and # be N, -sc*g-separated. Then GN[N ,,, =sc*g—Cl(H)|= H N[N, -sc*g-Cl(G)]=4¢.
Now GNH cGN[N ,, -sc*g-Cl(H )]|=¢. Then GNE =¢. Hence ¢ and  are disjoint.

Theorem 7.7. If ¢ and & are N, -sc*g-openand if A =GN (U -H )and B=H (U -G), then A and B are
N ,,, —SC *qg-separated.
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Proof. Let ¢ and 1 be N, -sc*g-opensubsets of u. Then u -G and U -1 are N ,, -sc*g—closed. Since
ACU-H, N, -sc*g-CI(A)c N,,-sc*gCl(U-H)=U-H and 0 [N, —sc*g—C| (2)]NH =¢. Since
BcH, [N,,-sc*g-Cl(a)]NB=¢. Similarly, [N, -sc*3-CI(B)]NA =4 Hence ~ and B are
N ,,, —SC *g-separated.

Theorem 7.8. Any two disjoint non-empty N, -sc*g-closed subsets of a N ,, -Top -Space (U,TR (x )) are
N ,,, —SC *qg-separated.

Proof. Suppose ¢ and = are disjoint non-empty N, -sc*g-closed  sets. Then
GNN ., =sc*g-Cl(H )=H NN ., -sc*g-Cl(G)=¢. Hence G and # are N, -sc*qg-separated.

Theorem 7.9. A N ,,, -Top-Space (U,T, (X)) is N, -sc*g—connected if u cannot be expressed as a disjoint
union of two non-empty N, -sc*g-open Setsin U.

Proof. Let u be N, -sc*g—connected. Assume that two disjoint non-empty N ., -sc*g-open subsets of U
such that u=cUH . Take A =u-Gand B=u-u. Then A and B are N, -sc*g-Closedin u. Therefore
ANN,, -sc*g-Cl(B)= BNN,, -sc*g-Cl(2 )=¢ and U =A UB.Thus, U isnot N, -sc*g-connected, but

this is a contradiction with the hypothesis. Thus, u cannot be expressed as the union of two disjoint non-empty
N ,,, —Sc*g-open subsets of u.

Conversely, suppose that the condition holds. Let u=aUB, 2A=#¢, B=g¢ and
A N[N, -sc*g-Cl(B)]=B N[N, -sc*gCl(2 )] -¢. Take G=U-{N,, -sc*g-Cl(a)] and
H=U —[N -sc*g-Cl(B ] Then ¢ and ® are non-empty N, -sc*g-open Sets and
GUH =[U —(N a0 —sc*g—CI( ))]U[U —(N —sc*g—CI )] ([N —sc*g—Cl(A)]

ﬂ(U ~([ N o s *gCI(A ])ﬂ [N 4o -sc*g-CI(B)])cU. This implies that U=-GUE. Again GNH -
[U —(N o ~SC*g—Cl(A ))Jﬂ [U —(N ano —sc*g—CI(B))} =(N o ~SC*g-Cl(A ))U (N a0 —sc*g—CI(B))=¢, but
this is a contradiction with the hypothesis. Therefore, u is N ,,, -sc*g-connected.

Definition 7.10. A N, -Top -Space (U,TR (x)) is called  ,,, -sc*g—connected if U is not the disjoint union of
two nonempty N, -sc*g-open subsets.

Theorem 7.1 If f:(u, T, (x))—>(v.T,,(¥)) is N,,-sc*g—continuous, surjection and U s

N ,,, —sc*g-connected then v is N ,,, -connected.

Proof. Suppose v is not N, -connected. Then V=K UL where k and L are disjoint nonempty N, -open
sets in v. Since f is N, -sc*g-continuous surjection, U=f"(x)Uf™ (L) where f*(x) and (L) are
disjoint nonempty N, -sc*g-open subsets of U implies U is notN ., -sc*g-connected space. This is a
contradiction to the hypothesis. Therefore v is N ,,, —connected.

Theorem7.12.  If f:(u,T, (x))—>(V,T,,(¥)) I8 N, -sc*g-irresolute, surjection and U s

N .., —sc*g-connected then v isalso N, —sc*g-connected.

Proof. Suppose v is not N, -sc*g-connected. Then V=K UL where ¥ and 1 are disjoint nonempty
N .., -sc*g-open sets in v. Since f is N, -sc*g-irresolute surjection, U=f"(x)Uf™(L) where f™(x)
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and f (L) aredisjoint nonempty N = -sc*g-open subsetsof U implies U isnot N, -sc*g-connected space.
This is a contradiction to the hypothesis. Therefore v is N ,,, -sc*g-connected.

Corollary 7.13.  If f:(U,TR(X))%(V,TR,(Y)) is bijective N, -sc*g-openfunction and v is

N ,,, —sc*g-connected then v is N ,,, -connected.
Theorem 7.14. Let (U,TR (x)) bea N, -Top -Space. Then the following statements are equivalent.
(i) U is N, —sc*g-connected.

(ii) The only subsets of u which are both N, -sc*g-open and N, -sc*g—closed are the empty set ¢ and
u.

Proof. (i)= (ii). Suppose (i)holds and r is a proper subset of u which is both N, -sc*g-open and
N ,, —sc*g-closed. Then uU-r is also both N, -sc*g-open and N, -sc*g-closed. Therefore
u=F U(U=-F) is disjoint union of two nonempty N, -sc*g-opensets. This contradicts the fact that U is
N .., —sc*g-connected. Hence F =¢ or U.

(ii)= (i). Suppose (ii)holds. If possible u is not N, -sc*g-connected, then U=K UL where Kk and L are
disjoint nonempty N, -sc*g-open sets in u. Since K =U-L, K IS N, -sc*g-connected set. But by
assumption, K =¢ or U which is contradiction. Hence (i) hold.

(ii)= (iii).Let f be N, -sc*g—continuous function, where v is discrete space with at least two points. Then
f*({m}) is both N, -sc*g-open and N, -sc*g-closed for each mev and U=U{f‘1({m}):mev}. By
assumption, f*({m})=u or ¢. If f*({m})=¢ forall mev, then f will not be a function. Also there cannot

exist more than one point me v such that f*({m})=uvand f~({m})=¢ where m=m, ev. This shows that f is
a constant function.

(iii)= (ii).Let ¥ be both N, -sc*g-open and N, -sc*g—closed in u. Suppose F #¢ and f be a
N ,,, —sc*g-continuous function defined by f (¥ )={l} and f(u -F )={m} for some distinct points I and m in
v. By assumption f is constant function. Therefore F =U.

Theorem 7.15. Ifa N, -Top -Space (U,TR (x)) is N ,,, —sc*g-connected, then v isalso N ,,, -connected space.

Proof. Let u be N, -sc*g—connected. Then the only N ,, -sc*g-clopen subsets of u are ¢ and u.Suppose
U is not N, -connected. Then there exists a non-empty proper subset w of u which is N, ~Clopen in U.
Since every N, —clopenis also N, -sc*g—-clopen, w is also N, -sc*g-clopenin u. Hence w is a non-
empty proper N . -sc*g-clopen in U, which is a contradiction. Therefore, u is N ,,, -connected.

Theorem 7.16. Let (w ,T, (X)) and (W ,TR/(Y)) be two N, -Top-Spaces on w with T_,(v)cT, (x). If

the N ,,, -Top -Space (U,TR (X )) IS N, =sc*g-connected, then (W T, (Y )) isalso N, —sc*g-connected.

www.jamsjournals.org Page 1013


https://jamsjournal.org/JAMS

JOURNAL OF ADVANCED MULTIDISCIPLINARY STUDIES (JAMYS)
JAMS | Autumn Conference September 2026 | DOI: 10.68050/JAMS

Proof. Suppose that (W ,T, (X)) is N, -sc*g-connected but (W ,T_,(¥)) is not. Then T _,(¥) contains a
non-empty proper N, -sc*g-clopen. Since T_,(Y)<T, (x), so also T, (X) contains N, -sc*g-clopen,
hence (w ,T, (x)) is not N, -sc*g-connected, which is contradiction. Therefore, (w,T_,(Y)) is also
N ,,, —SC*g-connected.

Theorem 7.17. Let o be a N, -sc*g-connected set of a N, -Top-Space (U,TR (x)) and c,u are
N .., —sc*g-separated subsets of u suchthat A ccUH . Theneither A <G or A cH.

Proof. Since a=(aNe)U(aNn), we have (2 NG)N[N ,, ~sc*gCl(a NH )] <
GN[N ,, -sc*g-Cl(H)]=4. Similarly, we have (2 NB)N[N,, —sc*gCl(a NG)]c
H ﬂ[N a0 —sc*g—CI(G)]=¢. If A NG and A NH are non-empty, then A isnot N, -sc*g-connected, which
is a contradiction. Therefore, either A NG=¢ or A NH =¢. Therefore, either A <G or A cH.

Theorem7.18. If A is a N, -sc*g-comnected set of a w,, -Top-Space (U,r, (x)) and
A cBcN,, -sc*g-Cl(A), then B iSN ,,, -sc*g-connected.

Proof. Assume that B is not N ,,, -sc*g-connected. Then there exist N ,,, -sc*g-separated sets G and # such
that 5=GUH . Then G and u are non-empty and GN[N ,, -sc*g-Cl(H)]=¢= H N[N, -sc*g-CI(G)],
then by Theorem 7.17, we have either A =G or A cH . So, we have two cases: (i). Suppose 2 =G. Then
N -sc*g-CI(A)S N, -sc*g-CI(G) and  HN[N,, -sc*gCl(2)]=4. By  hypothesis,
GUH cN,, -sc*g-Cl(2 ), that is B =¢, but this is a contradiction to the fact that 5 is non-empty.

(ii). Suppose A cH . Using similar argument of part (i), ¢ is empty and this is a contradiction. Thus, B is
N ,,, —SC *g-connected.

Corollary 7.19. Let A be a N,,6 -sc*g-connected subset of a N, -Top-Space (U,TR (x )) Then
N ., —sc*g-Cl(A ) is N ,,, =sc*g-connected.

Theorem 7.20. Let o and B be subsets of a N, -Top-Space (U,TR (x )) If o and B are
N .., —sc*g-connected setsand are not N, -sc*g-separated in U, then A UB is N, -sc*g-connected.

Proof. Suppose 2 UB is not N, -sc*g-connected. Then there exist N, -sc*g-separated sets G, H in U
such that A UB=GUH, then A ccUH . By Theorem 7.17, either A =G or A cH .Again either B =G or
BcH.If A cGand BcG,then A UB =G and H =¢, which is a contradiction. Therefore A cG and B cH .

Similarly, A cH and BcG. Thus, B[N, -sc*gCl(a)]|cH N[N, -sc*g-CI(G)] =¢ and
A N[N, -sc*g-Cl(B)]< H N[N, -sc*g-CI(G)]|=¢. Hence A, & are N, -sc*g-separated in U, which is
a contradiction. Therefore, A UB is N ,,, —sc*g-connected.

8. Nano Semi C* Generalized Closed and Strongly Nano Semi C* Generalized Closed Graphs

Definition 8.1. Let y:(uU, T, (x ))—)(V,TR,(Y)) be a function. Then its graph G(y ) is called N ,,, -sc*g-closed
if for each (x,y)euxv-G(y), there exist a K eN ,, —sc*g-O(U,T, (X ):X) and a
LEN 4 _SC*g—O(V,TR/(Y )) such that (K XL)ﬂG(l//)=¢
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Lemma8.2. Let y:(u,T, (x))—(v,T_,(¥)) bea function. Then the following conditions are equivalent:
(i). v has N, -sc*g—closed graph.

(). For each (xy)euxv-G(y), there exist a KeN,, -sc*g-O(U,T,(x);x) and a
LeN,, -sc*g-O(V,T_,(Y);y) such that y(u)xL =4.
Proof. The proof is straightforward and thus omitted.

Theorem 8.3. Let y:(U,T, (X ))—)(V,TR/(Y)) bea N ,,, -sc*g-irresolute, where v is N, -sc*g-T,. Thenthe
graph G(y) is N, -sc*g—closed.

Proof. Let (Xy)eUxV—G(t//
KeN ., —sc*g—O(V,T y (x

)- Then y=w(x). Since v is N, -sc*g-T,, there exist a

w(x)) anda LeN , -sc*g-O(v,T_,(Y);y) such that x NL =4. Also, since y
iS N, -sc*g-irresolute, H =y (K)eN —sc*g—O(U,TR (x );X) and so y(H)NL =¢. Therefore the graph
G(y) is N, —sc*g—Closed.

Theorem 8.4. Let y:(u,T, (x))—(v,T,_,(v)) be asurjective mapping having N ,,, -sc*g—closed graph. Then
(V,TR/(Y )) IS N, —sc*g-T,.

Proof. Let p,qev with p=gq. Since v is surjective, there exist ac u such that y(a)=p and w(a)=gq. Then
(a,q)eUxV-G(y) and so by the Lemma 8.2, we can find a KeN ,, —sc*g—O(U,TR,(X);a) and a
LeN,, —sc*g—O(V,TR,(Y);q) such that y(k)NL=¢. Thus pey(x) and peL. Similarly, we can ensure
the existence of beu such that y(b)=q and y(b)=p and a PeN,, -sc*g-O(U,T, (X):b) and a
QeN,, —Sc*g—O(V,TR,(Y);p) such that w(P)NQ=¢. Then gey(P) and qeo. So (v,T,(Y)) is
N ., —sc*g-T,.

Theorem 85. Let y:(U,T, (x ))—)(V,TR/(Y)) be N ,,, -sc*g-open and surjective mapping. Ifthe graph G(y)

is N, ~sc*g~closed, then (v,T_,(Y)) is N, -sc*g-T,.

Proof. Let p,qev with p=gq. Since v is surjective, there exist ac u such that y(a)=p and w(a)=g. Then
(a,q)euxv-G(y) and so by Lemma 82, we can find a KeN,, —sc*g—O(U,TR,(X);a) and a
LeN,, —sc*g—O(V,TR,(Y);q) such that w(x)NL=¢. Again since y is N, -sc*g-open,

l//(K)E N ano -sc*g—O(V,TR/(Y); p) So (V,TR/(Y )) is N ano —sc*g-TZ_

Theorem 86. Let y:(u,T, (X))—)(V,TR/(Y)) be an injective function. If the graph G(w) is

N, -sc*g-closed, then (U, T, (X)) is N, -sc*g-T,.

Proof. Let p,geu with p=q. Since y is injective, y(p)=yw(q). So (p.w(a))€U xv -G(y). Now by Lemma
8.2, there exist a KeN,, -sc*g-O(U,T, (x);p) and a LeN,, —sc*g—O(V,TR,(Y);l//(q)) such that
w(K)NL=¢. Therefore w(q)ew(xk) and so qekK. Hence pek but gek. Again since
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(a.w(p))euxv-G(w), we can find M eN,, —sc*g—O(U,TR,(X);q) and peL. Hence (uU,T, (x)) is
N ., —sc*g-T,.

Theorem 8.7. Let y:(u,T, (% ))—)(V,TR/(Y)) be a N, -sc*g-irresolute injection. If the graph G(y) is

N, -sc*g-closed, then (U,T, (x)) is N, -sc*g-T,.

Proof. Let p,geu with p=q. Since v is injective, y(p)=w(q). So (p.w(a))eUxV -G(y). Then Lemma
8.2 ensures the existence of a K eN ,,, ~sc*g-O(U,T, (x);p) anda LeN, —sc*g—O(V,TR,(Y);W(q)) such
that y (x)NL=¢. Since y is N, -sc*g-irresolute, y*(L)eN ,, -sc*g-O(U,T, (x);q). So (U,T, (X)) is

N .., —sc*g-T,.
Definition 8.8. Let y:(u,T, (x))—(v,T_,(¥)) be a function. Then its graph G(y) is called strongly
N, -sc*g—closed if for each (x,y)eUxv-G(y), there exists a K eN,, -sc*g-O(U,T, (x);x) and a

LeN,,-sc*g-O(V,T_,(Y);y) such that [uxw,, -sc*g-CI(L)]NG(w)=¢. Clearly, every function
possessing strongly N .., -sc*g—-closed graph has N ., -sc*g—closed graph.

Lemma 8.9. Let y:(u,T, (x))—(v,T_,(¥)) beafunction. Then the following conditions are equivalent:
(i). The graph G(y) is strongly N, -sc*g-closed.

(). For each (xy)euxv-G(y), there exist a KeN,, -sc*g-O(U,T,(x);x) and a

LeN,, —sc*g—O(V,TR,(Y) y) such that y(x )N[N ,, ~sc*g-Cl(L)]=¢.

Proof. The proof is straightforward and thus omitted.

Definition 8.10. A filter base Q on a W, -Top-Space (U,T, (x)) is said to N, -sc*g-converge

(respectively N ,,, -sc*g—converge) to a point xe U if for each LeN ,, -sc*g-O(U, T, (x);x), there exists a
K eQ suchthat K ¢ N, -sc*g-CI(L) (respectively K < L).

Theorem 8.11. Let y:(u,T, (x))—(v,T_,(¥)) be any functionand (v,T_,(v)) be N, -sc*g-regular. Then
the following statements are equivalent:

(i). The graph G(y) is strongly N, -sc*g-closed.

(ii). If a filter base Q on a W, -Top-Space (U,T, (X)), N, -sc*g-converges to x and y(Q)
N, —sc*g-converges to y in (V,TR,(Y )) then y =y (x).

Proof. (i)=(ii). Let Q be a filter base on (u,T,(x)) that N, -sc*g-converges to x and y(Q)
N, -sc*g-converges to y. If possible, let y=w(x). Then (x,y)euxv-G(y). Clearly,
N . -5c*g-0(U,T, (X );x) = and {N wo ~SC*g=CI(L):L eN ., —sc*g—O(V,TR,(Y);y)} (). So for each
K €N, -sc*g-O(U,T, (X );x) and each Len ,, -sc*g-O(v,T_,(¥);y), there exist P eQ and 0 e such
that p ck and y(Q)c N ,, -sc*g-Cl(L). Hence there exists a M eQ such that M <P No and satisfies
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M ck aswellas y(M )N ,, -sc*g-CI(L). Hence ¢=y(M )gw(K)n[N -sc*g-CI(L ] So by Lemma
8.10, G(y)is not strongly N, -sc*g—closed.

(i)= (ii). Let (v,T_,(¥)) be N, ~sc*g-regular and the given condition (ii) holds for y. If possible, let G ()
be not strongly N, —sc*g—closed. Then there exists (x,y)euxv-G(y) such that
(Ux[ ,, -sc*gCI(L)])NG for  each  KeN,, -sc*g-O(U,T,(x);x) and  each
LeN ,, -sc*g-O(V,T_,(Y); ) Since v is N .., —SC*g-regular, the  family Q=

{MKL ={per:(py(p))e(K XN, -sc*gCI(L))NG (W)} K €N 4, -sc*g-0(U, T, (X );X) & L €N, -sc*g-O(V,T_,(¥); y)}

is a filler base on (u,r,(x)). But Q N, -sc*g-converges to x in (U,T,(x)) and w(Q)
N ., -sc*g-converges to y and y =y (x)— a contradiction.

Theorem 8.12. Let y:(u,T, (x))—>(v,T_,(¥)) be any function. If the graph G(y) is strongly
N, ~sc*g-closed, then for each xeu, w(x)=N{x, -sc*g-Cl(y(K)):K N, -sc*g-0(U,T, (¥ );x)}

Proof. If possible, let there exist an xeu and an y(=w(x))ev suchthat yen ,, -ag*s-Cl(y(m )) for each
M eN,, -sc*g-O(U,T, (x);x). Since (x,y)eUxv-G(y), by Lemma 89, we can find a
K €N ,, -sc*g-O(U, T, (X );x) and a LeN, —sc*g—O(v T ,(Y);y) such that
K)N[ N, -sc*g-Cl(L)]=¢ and so y(K)NLcy(K)N[N,, -sc*g-Cl(L)]=¢. Thus y(x)NL=¢. Then
yeN ,, -sc*g—Cl(y(k)), a contradiction.

Theorem 8.13. Let (U,T, (x)) be an arbitrary N, -Top-Space and (v,T,(Y)) is N, -sc*g-T,. Let
wi(U,T, (X ))—)(V,TR,(Y)) be N, -sc*qg-irresolute. Then the graph G(y) is strongly N ,,, -sc*g—closed.

Proof. Let (xy)euxv-G(y).Then y=y(x). Since (v,T,(Y)) is N,,-sc*g-T,, there exist a
K €N, -sc*g-0(U, T, (x );w(x)) anda LeN ,, -sc*g-O(V,T_,(¥);y) such that k N 4. Again since y
is N, -sc*g-irresolute, M =y *(K)eN,, -sc*q-O(U,T, (X );x) and s0 w(M )NL=¢, i.e. LV -y (M ),
ie. N, -sc*g-Cl(L)cv-w(M ), ie w(M)N[N,,-sc*gCI(L)]=4. Hence G(y)is strongly
N ., —sc*g—closed.

Theorem 8.14. Let y:(U,T, (X ))—>(V,T Y)) be a quasi N ,,, -sc*g-irresolute injection. If the graph G(y)

(
is strongly N ,,, -sc*g-closed, then (U, T, (x)) is N, -sc*g-T,.

Proof. Let any two distinct points p, e U. Since y is injective. v (p)=w(q). Then (p.w(q))eUxv -G(v)
and so by Lemma 8.9, there exist a K N ,, =sc*g-O(U,T, (X );p) anda LeN ,, -sc*g-O(V,T,, (¥ );w(q))
such that y(x)N[N,, -sc*g-CI(L)]=¢ and so y*[N,, -sc*g-CI(L)]cU-K. Since y is a quasi
N, —sc*g-irresolute, there exist M e N, -sc*q-O(U,T, (x );q) such that y(M )= N, -sc*g-CI(L). Then
M cy?[N,, -sc*g-Cl(L)]cU -K and hence M NK =¢.So0 (U,T, (X)) is N, ~sc*g-T,.
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Theorem 8.15. Let (U, T, (x )) beany N, -Top -Space, (v,T,,(Y)) be N, -sc*g-Urysohn N ,,, ~Top -Space
and y:(u,T, (x))—>(v,T_,(¥)) be a quasi W, -sc*g-iresolute. Then its graph G(y) is strongly

N ,,, —sc*g-closed.

Proof. Let (x,y)euxv-G(y).Then y=y(x). Since (v,T_,(v)) is N, -sc*g-Urysohn, there exist a

K €N, -sc*g-0(V,T_, (¥ )iw(x)) and  a LeN,, -sc*g-0(v,T_,(Y):y) such  that

[N ., =sc*g—CI(K ) N[N ,,, -=sc*g-CI(L) |=¢. Again since y is quasi N, -sc*g-irresolute, there exists a

H €N, -sc*g-O(U,T, (x);x) such that y(#)cN,, -sc*g-Cl(K)c VN, -sc*g-CI(L)]. Therefore
H)N[ N, -sc*g-CI(L)]=¢. Hence G(y) is strongly N, -sc*g —closed.

CONCLUSIONS

We have introduced the notions of N ,, -sc*g-Separation Axioms namely N, -sc*g-T, space,
N ,., -sc*g-T, space, N, -sc*g-T, space, N, -sc*g-regular space, N, 6 -sc*g-normal space, almost
N ,o, —sc*g-normal  space, Mildly N, -sc*g-normal  space, N ., —SC *g-compact space,
N ,,, —Sc*g-connected space, N, -sc*g-closed graph and strongly N, -sc*g-closed graph in Nano

topological spaces. We have investigated fundamental properties and characterizations of these spaces in Nano
topological spaces. | intend to continue to investigate further properties and characterizations of
N ,,, —SC*g-continuous, N ., —sc *g-irresolute, N ,, —sc*g-open, and N, -sc*g-closed mappings in Nano
Topological Spaces. This work will be expanded in the future with some real-life applications.

ano
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