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ABSTRACT

Most references on topological spaces seem to define a compact space in terms of open coverings of a space
having finite sub coverings. Formally, we say that a collection of open sets {o, :1eA}, indexed by some set 4 is

an open covering of a topological space (Z,T) if ZcUjepo,. We define Z to be compact if there exist finitely

many open sets 03,2002 in the open covering such that Zc anzlox, There exist several equivalent definitions
n J

of a compact space, which we briefly mention here. A topological space Z is compact if and only if Z has the
finite intersection property: if {o :AeA}is a collection of a closed set indexed by a set A such that, for any finite

subset A*C A, Mea*O, =¢. then MycA O, #¢. Another equivalent definition is in terms of nets. A topological space
Z is compact if and only if every net (z :A€A) in Z has a convergent subnet. In 2022, Beyda S. Abdullah,
Sabih W. Askandar and Rugayah N. Balo introduced a new kind of open set, which is called an he-open set.
They also studied the relationship between ho - open sets and a variety of other open sets as h-open sets, open sets,
semi-open sets, and « - open sets. Furthermore, they introduced the concepts of ha - continuous mappings, ho - open
mappings, ha -irresolute mappings, and ha-totally continuous mappings. We will extend the concept of
compactness via ha - open Seéts by introducing ha - compact spaces in topological spaces and will investigate their
characterizations by making use of generalized mappings, including ha.-continuous and ho -irresolute functions.
The objective of this paper is to introduce the new concepts called ho-compact Space, ha-Lindelsf space,
countably ha - compact  SPACC, almost ho - compact  SPace, and mildly ho - compact  SPace in topological spaces and
investigate fundamental properties and characterizations of these new notions of spaces.

Keywords and Phrases: Topological space, ho-open set, ho.-closed set, ho-compact space, ha-Lindelsf space,

countably ho - compact SPace, almost ho-compact Space, mildly ho-compact Space.

1. INTRODUCTION

The study of generalized open sets and their associated topological properties has been an active area of
research in general topology. In this direction, the concept of supra topology was introduced by A. S.
Mashhour et al [11] in1983. They studied s-continuous functions and s *continuous functions. Subsequently, R.
Devi et al [6] introduced the concept of supra a-open sets and supra « - continuous mappings in 2008. Jamal

M. Mustafa [15] studied supra b-compact and supra b-Lindelof spaces. Vidyarani et al [23] introduced the
concept of supra N-compact, countably supra N-compact, supra N-Lindelof and investigated their relationships
using the concept of continuity. In 2013, Missier and Rodrigo [13] introduced new class of sets in general
topology called a-open (supra a-open) sets. In 2019, Amir A. Mohammed and Beyda S. Abdullah [14]
introduced a new class of open sets in a topological space called ii - open sets and investigated its fundamental
properties and studied some properties and several characterizations of this class including the relation of
ii -open sets with many other classes of open sets. They showed that the family of ii-open subsets of a
topological space (Z, T) forms a topology on X which is finer than <. In 2022, Beyda S. Abdullah, Sabih W.
Askandar and Rugayah N. Balo [3] introduced a new kind of an open set which is called an ho -open set.
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They also studied the relationship between ha - open sets and a variety of other open sets as h-open sets, open
sets, semi-open sets and o - open sets. Furthermore, they introduced the concepts of nha - continuous mappings,
hot - open Mappings, ho -irresolute mappings, ho - totally continuous mappings. We will extend the concept of
compactness via ha-open sets by introducing nha -compact spaces in topological spaces and will investigate

its characterizations by making use of generalized mappings including ha -continuous functions and
ha -irresolute functions. The objective of this paper is to introduce the new concepts called ho - compact space

and ha-Lindelsf space, countably ho-compact SpPace, almost ha - compact Space, and mildly ho - compact Space in

topological spaces and investigate fundamental properties and characterizations of these new notions of
spaces in topological spaces.

2. PRELIMINARIES

The (Z,T) and (W, b ) (or simply, Z and W) denote topological spaces on which no separation axioms are assumed

unless explicitly stated, and &:(Z, T)— (W, ¥) means a mapping ¢ from a topological space Z to a topological
space W. A subset M of a topological space (Z, T ) is said to be open if MeT. A subset M of a topological

space Z is said to be closed if the set Z—M is open. The interior of a subset 4 of a topological space X is
defined as the union of all open sets contained in 4. It is denoted by Int(A). The closure of a subset 4 of a

topological space X is defined as the intersection of all closed sets containing 4. It is denoted by CI(4). If U

is a set and x, is a point in x, then N(x), and v° denote respectively, the neighborhood system of x, and the
complement of 7, respectively. We shall define the concept of ha-open set and determine its connection to
the classical open set and characterize the concepts of no - open sets.

Definition 2.1. A subset M of a topological space (2,T) isan a-open set, if M  Int| CI(Int(M))]. The family

of all o -opensets in a topological space (z,T)is denoted by T%.

Definition 2.2. A subset A/ of a topological space (Z,T) is said to be an h-open set, if for every non-empty set
Oin Z, O# Z.and O €T, such that M < Int(M UO). The complement of h-open set is called h-closed set.

Definition 2.3. A subset M of a topological space (Z,T) is said to be an ho-open set, if for every non-empty
set Oin Z, O%Zand OeT?%, such that M c Int(MUO). The complement of ha-open set is called

ha - closed set. The family of all ha.-open sets in a topological space (Z,T) is denoted by ™,
Proposition 2.4. (i ) Every closed (open) set is ho-closed (ho.-open) set.

(ii) Every closed (open) set is h-closed (h-open)set.

(iii) Every n-closed (h-open) set is an ha.-closed (ha-open) set.

Definition 2.5. Let (Z,T) be a topological space and M c z. We define the ho-closure of M (briefly ha-Cl(M)) to
be the intersection of all  ha-closed sets containing M  which is denoted by
ha-CI(M)=1 {M : M K and K is ha-closed in Z,. We note that ha-CI(M) is the smallest he-closed set
containing M.
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Definition 2.6. Let (Z,T) be any topological space and A/ be a subset of X. A point z of Z is called an
ho - interior point of Az, if there exists an ho-open set P such that ze pc s, The set of all  ha-interior points of

M is said to be ho.-interior of M (briefly ha- Int(M))and it is defined by he - Int(M) =U{P ‘Pc M and Pe Th“}.
Proposition2.7. If P and O are sets in a topological space (Z,T), then

(1) ha-Int(g) = ¢.

(2)ha-mt(Z)=2.

(3) ha-Int(P)c P.

(4) PcO=ha-Int(P)cha-Int(Q).

Proposition2.8. Let A/ be any subset of a topological space (z,T). Then zeha-CI (M) if and only if for every

ho.-open set P containing z, P1 Z=¢.
Proposition2.9. For any subset P of topological space (Z,T), ha-Int(P)c Pcha-CI(P).

Definition 2.10. Let P be a subset of a topological space (Z,T). A point pe P is said to be an ha-limit point of
P if for each ho-open set O containing p. O1 (P—{p})+ #. The set of all ho-limir points of P is called the
ho - derived set of P and is denoted by ha-D(P).

Theorem 2.11. For any subset P of a topological space Z, ha.-CI(P)=PU[ho.-D(P)].

Proof. Since ha-D(P)cha-CI(P). PU[ha-D(P)]cha-Ci(P). On the other hand, let peha-CI(P).If pep,
then the proof is complete. If p¢ P, each ha-open set O containing p intersects P at a point distinct from p,
so peha-D(P). Thus, ha-CI(P)<[PU(ha-D(P))], which completes the proof.

Corollary 2.12. A subset P of a space Z is ha-closed if and only if it contains the set of all of its ha - limit
points.

Theorem 2.13. For subsets P, O of a space (Z,T). the following statements are true:
(1) hai- Int (P) is the largest ho-open set contained in P.

(2) P is ho-open if and only if P = hoc-[nt(P).

(3) na- nt [ na- Int (P)] = hou- Int (P);

(4) ha-Int(P)=[ P~ (hat-D(Z - P))];

(5) [2-(ha-CI(P))] =hai-Int (2 - P);

(6) [Z-(ho.-Int (P))|=ha-CI(Z - P);
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(7) [hot-Int (P) U hai- Int(P)] < hou- Int (PUQ);
(8) hot- 1t (PT Q) =[ha-Int (A)]1 [hot- It (B)];

Proof. (4) If pe[P—(ha-D(Z-P))],then peha-D(Z-P) and so there exists an ho-open set O containing p
such that O (Z-P)=¢. Then, peOc P and hence peha-Int(P), that is, [ P—(ha-D(Z-P))|cho-Int(P). On the
other hand, if pe hoc-]nz(P), then peha-D(Z-P) since ho- Int(P) iS ha-open and [(ha-Int(P))1 (Z-P)]=¢.

Hence, na- Int(P) =[ P~(na-D(z - P))].

(6) Z-[ha-Int(P)|= Z~[ P—(ha-D(Z - P))]=(Z - P)U[ha-D(Z - P)]= ha-CI(Z-P).
Theorem 2.14. Let (Z,T) be a topological space and p, o z. Then the following statements are true:
(1) peha-CI(P) if and only if for every ho.-open subset O containing p, 01 P= 4.
(2) P<oimplies that ha-Cl(P)cha-CI(Q).

(3) P is ha-closed if and only if ha-CI(P)="P.

(4) ha-cCi[ha-CI(P)]=ha-CI(P).

(5) [ha-ci(P)]U[ha-CI(Q)]=ha-CI(PUQ).

(6) ha-nt(Z-P)=X-[ha-CI(P)].

(7) ha-Cl(Z-P)=X-[ha-Int(P)].

Definition 2.15. ho - Bd (P) = P~ | ha - Int (P) ]is said to be the hot- border of P.

Theorem 2.16. For a subset P of a space z, the following statements hold:

(i) Bd(P)cha-Bd(P) where Bd(P) denotes the border of P;

(ii) P=ha-Int(P)Uha-Bd(P);

(iii) [ho-zne(P)]1 [hou-Bd (P)]= ¢y

(iv) P is an ho-open setif and only if ha-Bd(P)=¢;

(V) ho- Bd [ ho- Int (P) | = ¢

(Vi) ho-Int[ho-Bd (¢)]=d:

(vii) ho- Bd[ho- Bd (P)] =ho- Bd (P);

(viil) ho-Bd(P)=PI [ha-Cl(Z-P)];
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(ix) ha-Bd(P)=ha-D(Z-P).

Proof. (Vi) If peha-m[ha-Bd(P)], then peha-Bd(P). On the other hand, since hao-Bd(P)cP,
p eha- Int[ho.- Bd (P)]  ha- Int(P). Therefore, we get p e[ ha.- Int(P)]1 [ha- Bd(P)], which contradicts (iii). Thus,
ho- Int[ hou- Bd (P) | = ¢.

(viii) ha-Bd (4) = P-[ha-Int(P)]=Z [ X -(ha-Cl(Z-P))]= PI [ha-CI(Z-P)]
(ix) hot- Bd (P) = P~[ha-Int(P)]= P~[ P~(ha-D(Z-P))]= ha-D(Z-P).
Definition 2.17. ho- Fr(P) =[ho.- CI(P)]~[ha.- In(P)] is said to be the no- fiontier of P.
Theorem 2.18. For a subset P of a space (2,T), the following statements hold:
(i) Fr(P)cho-Fr(P) where Fr(P)denotes the frontier of p;

(ii) ho-Cl(P)=[ho-Int(P)|U[nha-Fr(P)],

(iii) [no-fn(P)]1 [ho-Fr(P)]=¢:

(iv) ha-Bd(P)cha-Fr(P);

(V) ho- Fr(P) =[ha-Bd(P)]U[ha-D(P)];

(vi) P isa ha-open setifand only if ho-Fr(P)=ho-D(P);

(vii) ha- Fr(P)=[ha-CI(P)]1 [ha-CI(Z-P)];

(viii) ha-Fr(P)=ha-Fr(Z-P);

(ix) ho-Fr(P) is ho-closed;

(X) ha-Fr[ha-Fr(P)]cha-Fr(P),

(x) hot- Fr[ bou- Ine (4) ] < ha- Fr(4);

(xii) ho- Fr[ha-CI(P)] < ha-Fr(P),

(xiii) hot- znt (P) = P—[ha- Fr(P)].

Proof. (ii) [ho-Int(P)|U[ho- Fr(P)] = ha.- Int (P) U[ ho- CI(P) —ho- Int (P) ] =ha.- CI(P)
(iii) [hou-Int (P) |1 [hac- Fr(P)] =[ hou- Int (P)]1 [ (hou-CI(P))~(ho- Int (P)) ] = ¢.

(v) Since [hou-Int (P) U] ha.- Fr(P) | =[ ha.- Int (P) |U[ hou- Bd (P) |U[ ha.- D(P)].
ho.- Fr(P)=[ha-Bd (P)|U[ha-D(P)].

(vii) ha.- Fr(P) =[ ho.- CI(P) |- [ ha.- Int (P) | = [ ha.- CI(P) |1 [ho-CI(Z - P) ].
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(ix) ho.-CI[ha- Fr(P)]=ha-CI[(ha- CI(P))T (ha-CI(Z - P))] < ho-Cl[ha-CI(P)]1 ho-Cl[ha-Cl(Z—P)]
=[ha-CI(P)]1 ho-[ho-CI(Z - P)]=ho-Fr(P). Hence ho- Fr(A4) is ha-closed.

(x) hot- Fr[ho.- Fr(4)] =ho.-Ciha- Fr(4)]1 ha-CI[ X —(ha- Fr(4)) ] ho-Cl[ ha - Fr(A4) ] =ha-Fr(4).

(xii) ho- Fr[ho-CI(A) ] =ha-Ci[ha-CI(A)]~ho- Int[ho-CI(A) ] = [hou-CI(A4)]~[ho- Int(hoi- CI(4))] <
[ (na-Cr(4))~(na-1nr(4)) | = ho- Fr(4).

(xiii) 4—[hou-Fr(4)]= A-[(ha-CI(4))-(ho-Int(A4))]=ho-Int(A).

Theorem 2.19. Arbitrary union of he - opensets in a topological space (Z,T) is an ha -opensetin X.
Proof. Let T'={A;:iel}ct"* Let Uez”-{g}. Then for each i e, A, < Int(A; UU). Hence,

UieA; € Uiel Int(Ai U U) clInt ((UieIAi)U U). So, Uie A, c Int ((Uiel Ai)U U). It follows that UT" = U{Ai e I} =Uiel A,
is an ho - opensetin (Z,T).

Definition 2.20. A subset 4 of a topological space (Z,T) is called an ne - neighbourhood of apoint ¥ in X if there
exists an ha -open set U in X such that x e U < 4. The set of all ha - neighbourhoods of an element ¥ in X will
be denoted by: ha-N, =ha-N,(X)={4Ac X : Ais an ha-neighbourhood of x}.

Proposition 2.21. A subset 4 of a topological space (Z,T) is ha -open if and only if it is @ he - neighbourhood of
each of its points.

Proof. If 4 1S ha-open In X, then xe4c 4 for each xe A Thus A4 is an hea-neighbourhood of each of its
points. Conversely, suppose that 4 is an he - neighbourhood of each of its points. Then for each xe 4, there

exists an ha -open set U, in X such that xeU,c 4 Hence Uy U, c 4 Since 4 cUyeyU,, therefore 4=U U,
Thus A4 is an ha -open setin x, since it is a union of ha - open sets

Definition 2.22. A mapping ¢&:(Z,T)—(W,¥) is called ha-irresolute at a point xe X if for all ha-open subsets

v in Y containing f (x) there is an ha -open subset U of xsuch that xeU and f(U) is a subset of V. The
function f will be called ha -irresolute if f is ha -irresolute at each point x e X.

Theorem 2.23. Let &:(ZT)—>(W. W) &:(Z.T)—>(W,¥) be a function. Then the following statements are
equivalent.

(1) f 18 ha -irresolute.

(2) For each xe X and each nea - neighbourhood V of f(x) in Y, there is an ne - neighborhood U of x such that

fU)cr.

(3) The inverse image of every ha-closed subset of Y is an ha-closed subset of X.

(4) The inverse image of every ha -open subset of Y is an ha - open subset of X.
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Definition 2.24. A function &:(z,T)—(w,¥) is called ha -continuous if f _I(V) 1S ha-open setin X for every
openset V in Y.

Proposition 2.25. A function ¢&:(Z,T)— (W, ¥)is called he - continuous if and only if f -1 (V) is ha-closed setin
X for every closed set ¥ in Y.

Definition 2.26. A function &:(Z,T)—(W,¥) is called Pre-ha --open if and only if the image set / (U ) 1S ha - open
setin Y for every ha-open set U in X,

Proposition 2.27. A bijection function f: (X, T)—)(Y, 0) is called ha - homeomorphism if f 1S pre-ha -open and

ha - irreseolute.

Definition 2.28. A function f:(X,7)—(Y, o) is called perfectly ha - continuous if the inverse image /' (V) of

every ha-open set ¥V of Y is both open and closed in X.

Definition 2.29. A function &:(Z,T)— (W, ¥) is called strongly ha - continuous if the inverse image f (V) ofevery
ha-open V 1In Y isopenin X.

3. Ha-COMPACT SPACES

Definition 3.1. A collection {A7 :ie]} of na -open sets in a topological space (X, 7) is called an he -open cover
ofasubset B of X if BcU{4 :iel} holds.

Definition 3.2. A topological space (X, 7) is called ha-compact if every na-open cover of X has a finite
subcover.

Definition 3.3. A subset B of a topological space (X, 7) is said to be ha -compacr relative to (X, 7) if, for every
collection {4; :iel} of ha-open subsets of X such that BcU{4, :iel} there exists a finite subset /, of I such
that BC U{4; :iely}.

Definition 3.4. A subset £ of a topological space (Z,T) is said to be ha - compact if E 18 ha -compact as a subspace
of x.

Definition 3.5. Every nha - compact space is compact.

Proof. Let {4 :icI} be an open cover of (Z,T) Since every open set in X is ha-open in X. So {4 :iel}is an
ha - open cover of (Z,T). Since (Z,T) iS ha - compact, ha -open cover {4;:iel} of (2,T) has a finite sub cover

say {Ai = 1,2,3,...,11} for x. Hence (Z,T) is a compact space.
Definition 3.6. Every ha -closed subset of @ ha -compact space (Z,T) 1S ha-compact relative to X.

Proof. Let 4 be an ha-closed subset of a topological space (Z,T). Then 4 is ha-open in (Z,T). Let
F:{Al. :ie[} be an ha-open cover of 4 by na-open subsets of (Z,T). Then F*:FU{AC} 1S an ha - open
cover of (z,T). That is X =(Ul~elA7~)UAC. By hypothesis, (X ,T) IS an ha-compact space and hence T'* is

reducible to a finite subcover of (X ,r) say X =(U,~€10Aj)UAC for some finite subset 10 of . But 4 and A€ are
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disjoint. Hence A< U{4, i€ ly}. Thus he-open cover T={4;:iel} of A contains a finite subcover. Hence 4

1S ha - compact relative to (Z,T).
Theorem 3.7. An ha - continuous image of an he - compact space is compact.

Proof. Let &:(Z,T)— (W, ¥) be an ha - continuous mapping from an nha - compact topological space (Z,T) onto
a topological space (Y, a). Let I'= {Ai :iel} be an open cover of Y. Therefore ! (F)={f_1(Ai):ieI} is an
ha - open cover of x, as f iS ha - continuous. Since X 18 ha - compact, the ha - open cover f ‘1(1")={ f _I(Al.):iel}
of x, has a finite subcover say { ! (141-).'1':1,2,3,...,}1}. Therefore ~ x=U. f'(4)  which implies
Y=f(X)=UL 4. Thatis {4, :i=12.3,...n} is a finite subcover of T'={4; :iel}. Hence (W,¥) is compact.

Theorem 3.8. Suppose that a function ¢&:(Z,T)—(W,¥) is ha-irresolute and a subset S of X 1S ha-compact

relative to (Z,T), then the image / (S) is ha -compact relative to (Y ,G).

Proof. Let ['={4; :iel} be a collection of ne-open subsets of (¥,c), such that f(S)cU{4,;:iel}. Since f is
ha -irresolute. So SgU{f‘1 (Ai):iel}, where {f_1(Ai):iel}grha. Since S iS hea-compact relative to (X, 1),
there exists a finite sub collection {f‘l (4). 77 (4). ... ! (An)} such that SgU{f‘1(A1), I 4.0 (4, )}

That is f(S)gU{A1,A2,...,A,,}. Hence f(S) 1S hea - compact telative to (Y, a).

Theorem 3.9. Suppose that a mapping & :(Z,T)— (W, V) is strongly ha - continuous mapping from a compact space

(X, 1) onto a topological space (¥, o). Then (Y,6) is he -compact.

Proof. Let {4 :icI} bean na-open cover of (¥,). Since  is strongly na - continuous, { N4):i el} is an open
cover of (Z,T). Again, since (Z,T) is compact, the open cover { 7(4) i€ I} of (X, t) has a finite sub cover say
{f‘1(Al.):i=1,2,3,...,n}. Therefore X=U{f‘1 (Ai).~i=1,2,3,...,n}, which implies f(X)=U{4; :i=123,..n}, so that
Y=U{4:i=i=123..n. Thus {A1,A2,.‘.,A,,} is a finite subcover of {4, :iel} for (¥,c). Hence (Y, o) is

ha -compact.

Theorem 3.10. Suppose that a mapping &:(Z,T)—(W,¥) is perfectly ha - continuous mapping from a compact
space (Z,T) onto a topological space (w,¥) Then (W,¥) is ha - compact.

Proof. Let {A, .'ie[} be an ha - open cover of (W,¥) Since ; is perfectly ha - continuous, {f‘1 (Ai):iel} is an open
cover of (Z,T). Again, since (X, 1) is compact, the open cover { 7(4) .-iel} of (X , r) has a finite sub cover
say {f_1(Al-):i:1,2,3,...,n}. Therefore X:U{f_1(Al-):i:1,2,3,...,n}, which implies f(X)zU{Aj :i=1,2,3,...,n},

so that ¥ =U{4, :i=12,3,..,n}. Thatis {4, 4..... 4,} is a finite subcover of {4 :iel} for (¥.c). Hence (¥.o) is

ha - compact.

Theorem 3.11. Suppose that a function ¢&:(Z,T)— (W,¥) is an ha -irresolute mapping from an he - compact space

(Z,T) onto a topological space (Y , 0). Then (Y, 0) 1S ha - compact.
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Proof. Let &:(Z,T)— (W, ¥) be an ha -irresolute mapping from an ha - compact space (X, t) onto a topological
space (Y, o). Let {A,. :ie]} be an ha -open cover of (W,¥). Then {f_1(Ai):ieI} is an ha -open cover of (Z,T)

since £ is ha-irresolute. As (X, 7) iS hea -compact, the ha -open cover {f"(Al.):ieI} of (Z,T) has a finite sub
cover say {f‘1(Ai).-i:1,2,3,...,n}. Therefore X =U{f_1 (Al-) fi=12, 3n} which  implies

f(X)=U{4,:i=123...n}, so that Y=U{4,:i=123,..n}. That is {A1A2 An} is a finite subcover of

{4; :iel} for (Y,0). Hence (Y,0) is ha - compact.
Theorem 3.12. If (Z,T) is compact and every ha-closed setin X is also closed in X, then (X ,r) 1S ha - compact.

Proof. Let {A, :iel} be an ha -open cover of X. Since every ha-closed setin X is also closed in X. Thus
{X—4;:iel} is a closed cover of X and hence {4 :iel} is an open cover of X. Since (X, r) is compact. So

there exists a finite subcover {4 :i=12,3,..n} of {Ai :iGI} such that X =U{4, :i=123,...n}. Hence (X,7) is

ha -compact.

Theorem 3.13. A topological space (Z,T) iS ha-compact if and only if every family of he-closed sets of (X , r)
having finite intersection property has a nonempty intersection.

Proof. Suppose (Z,T) i ha-compact. Let {4;:iel} be a family of ha-closed sets with finite intersection
property. Suppose iIeIAi =¢, then X-I ({4 :iel})=X. This implies U{(X-4):iel}=X. Thus the cover
{(x-4):iel} is an ha-open cover of (X, t). Then as (X,7) is ha-compact, the na-open cover
{(X-4;):ic1} has a finite sub cover say {(X-4;):i=12,3,.,n}. This implies that X =U{(X-4,):i=123,..n}
which implies X =X-I {4,:i=123..,n}, which implies X-X= x-[x-1I {4;:i=123,.n}], which implies
¢=1 {4, :i=12,3,..n}. This disproves the assumption. Hence 1 {4, :iel}=4.

Conversely, suppose (Z,T) is not ha-compact. Then there exits an he-open cover of (Z,T) say {Gi :iel}
having no finite subcover. This implies for any finite subfamily {G;:i=123..n} of {G;:iel}, we have
U{G, :i=123,...n} # X, which implies X —(U{G, :i=123,..,n})# X = X, therefore I {X-G;:i=12,3,...n} #¢. Then
the family {X -G, i e[} of ha-closed sets has a finite intersection property. Also by assumption
I{X-G;:iel}#¢ which implies X-(U{G, -iel})#4, so that U{G,-iel}#X. This implies {G;:iel} is not a
cover of (X, 7). This disproves the fact that {G, :iel} is a cover for (X, t). Therefore an ha-open cover
{G, :iel} of (X, 1) has a finite sub cover {G; :i=123,..,n}. Hence (X, 1) is ha-compact.

Theorem 3.14. Let 4 be an ha - compact set relative to a topological space X and B be an ha-closed subset of
X. Then 41 B is ha-compact relative to X.

Proof. Let A be nha-compact relative to X. Let {4 :iel} be a cover of 4l B by ha-open sets in X. Then

{4 .~ieI}U{BC} is a cover of 4 by ha-open setsin X, but 4 1S ha-compact relative to X, so there exists a

finite  subset Iy ={ij iy iy, .. ipf S such  that AQ(U{AZ-k:k=1,2,3,...,n})UBC.Then

Al BgU{AjkI B:k=12 3,...,n}gU{Aik :k:1,2,3,...,n}. Hence A1 B is hor- compact.
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Theorem 3.15. Suppose that a function &:(Z,T)— (W,¥) is ha-irresolute and a subset B of X is na-compact

relative to X. Then f (B) 1S ha -compact Telative to Y.

Proof. Let {Al- :ie]} be a cover of f(B) by he -open subsets of Y. Since j is ha -irresolute. Then {f_1(Ai):ieI}
is a cover of B by nha-open subsets of X. Since B 1S ha-compact relative to X, {f‘1(Al.).-ieI} has a finite
subcover, say { I 4) 7 (4) (A,,)} for B. Then it implies that {4, :i=12,3,..,n} is a finite subcover of
{4;:iel} for f(B). So f(B) iS na-compact relative to Y.

Definition 3.16. Let (Z,T) be a topological space, and let E be a subset of X. Let T;‘;‘:{AI E.-Aerh“}. Then

ha) . .
(E, I.Ea) is a topological space.
. ha) . .
Theorem 3.17. Let (X, 1) be a topological space and let £ be a subset of x. Then (E . Ea) is compact if and only

if for any ha-open cover I' of E has a finite subcover of E.

ha
E-

Proof. Suppose E is compact. Let I'c "% such that £ < ur. Let [,={Al E:AeT}. Then E=Ul'y and T, .
By hypothesis, there exists a finite subset 1—2: {41 E:i=123,.,njcT, such that E :Urz. Then
r ={4:i=123,.,n} T and EcUr=.

. ho
Conversely, let Y={41 E:iel}c -

hypothesis, there exists Y**={4,:i=123..n} a finite subset of Y* such that EcuUr+« Then

such that £=UY. Then Y*={4; :i€ 4} is an ha-open covering of E. By

. . . . ha) .
¥ = {Ail E:i=], 2,3,...,n} is a finite subset of Y such that £=ux* This proves that (E . Ea) is compact.

4. COUNTABLY H_-COMPACT SPACES
In this section, we present the concept of countably hea - compacmess and its properties.

Definition 4.1. A topological space (Z,T) is said to be countably he - compact if every countable ha - open cover
of X has a finite subcover.

Theorem 4.2. If (Z,T) is a countably hea -compact space, then (Z,T) is countably compact.

Proof. Let (Z,T) be a countably nha-compact space. Let {Al. :ieI} be a countable open cover of (Z,T). Since

rct". So {4 :icl} is a countable he-open cover of (2,T). Since (2,T) is countably ha -compact, therefore
countable he -open cover {4, :iel} of (X, 1) has a finite subcover, say {4 :i=1,2,3,...,n} for X. Hence (Z,T)
is a countably compact space.

Theorem 4.3. If (Z,T) is countably compact and every ha-closed subset of X 1s closed in x, then (X, 7) is

countably he - compact.

Proof. Let (Z,T) be a countably compact space. Let {4 :iel} be a countable nha-open cover of (X, 1). Since

every ha-closed subset of X is closed in X. Thus every na-open setin X is openin X. Therefore {Ai :iel}
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is a countable open cover of (X , r). Since (X ) r) is countably compact, so countable open cover {Ai ciel } of

(X.7) has a finite subcover, say {4, :i=1,2,3,...n} for x. Hence (X, 1) is a countably ne -compact space.
Theorem 4.4. EVery nhea - compact space is countably he - compact.

Proof. Let (Z,T) be an na-compact space. Let {A,- :iel} be a countable na -open cover of (Z,T). Since (Z,T)
iS ha-compact, S0 ha-open cover {4;:iel} of (z,T) has a finite subcover, say {4; :i=12,3,...n} for (2,T).
Hence (Z,T) is countably ha -compact space.

Theorem 4.5. Let &.:(Z,T)—(W,¥) be an ha-continuous onjective mapping. If X is countably hea -compact

space, then (Y, o) is countably compact.

Proof. Let &:(Z,T)—(W,¥) be an ha - continuous mapping from a countably hea - compact space (X ,T) onto a
topological space (Y, o). Let {Al. :ieI} be a countable open cover of Y. Then { f ‘1(Ai):iel} is a countable
hea -open cover of X, as f iS ha-continuous. Since X is countably he - compact, the countable ha - open cover
{f‘1(A1.):ieI} of X has a finite subcover, say {f"(AZ.):i=1,2,3,...,n}. Therefore X=U{f‘1(Ai):i=1,2,3,...,n},
which implies ¥ = f(X)= U{4,:i=123,...n}. Thatis {4, :i=123,...n} is a finite subcover of {4 :iel} for v.

Hence Y is countably compact.

Theorem 4.6. Suppose that a mapping &:(Z,T)— (W, W) is perfectly hea - continuous mapping from a countably

compact space (Z,T) onto a topological space (Y, ). Then (Y, o) is countably he - compact.

Proof. Let {Aj :ieI} be a countable nha - open cover of (Y, 0). Since f is perfectly ha - continuous, { f ‘1(Ai).-ie1}
is a countable open cover of (Y, o). Again, since (Z,T) is countably he -compact, the countable open cover
{f_1(A1-):ieI} of (X, 1) has afinite subcover, say {f_1(A7-):i=1,2,3,...,n}. Therefore )(:U{f‘1 (Ai):l'=1,2,3,...,n},
which implies f(X)=U{4;:i=123,...n}, so that Y=U{4 :i=123..n}. That is {44, ... 4,} is a finite

subcover of {4, :iel} for (Y, c). Hence (¥,0) is countably he - compact.

Theorem 4.7. Suppose that a mapping &:(Z,T)—(W,¥) is strongly ha - continuous mapping from a countably

compact space (Z,T) onto a topological space (#,¥). Then (#,¥) is countably he - compact.

Proof. Let {147 .'iel} be a countable ha -open cover of (¥, 6). Since f is strongly ha - continuous, { f _1(Ai):i e[}
is a countable open cover of (Z,T). Again, since (Z,T) is countably compact, the countable open cover
{f‘1(A1.):iel} of (z,T) has afinite sub cover say {f‘1(A,.):i=1,2,3,...,n}. Therefore )(:U{f‘1 (Aj).~i=1,2,3,...,n},
which implies f(X)=U{4 :i=12,3,...n}, so that Y =U{4 :i=123,...n}. Thatis {4 4,,...4,} is a finite subcover

of {4 :iel} for (Y, o). Hence (Y, ) is countably he - compact.

Theorem 4.8. The image of a countably ha-compact space under an ha -irresolute mapping is countably

ha - compact.

Proof. Suppose that a mapping &:(Z,T)—(W,¥) 1S an ha-irresolute mapping from a countably na -compact
space (2,T) onto a topological space (W,¥) Let {4 :icl} be a countable ha-open cover of (Y, ). Then

{ f’1(A,.).-ie1} is a countable na-open cover of (X,7), since f is ha-irresolute. As (X,7) is countably
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ha -compact, the countable hea-open cover { i (Al.):iel} of (X ) r) has a finite sub cover say
{£77(4):1=123,..n|. Then it follows that X =U{f™"(4,):i=12.3,...n|, which implies /(X)=U{4,:i=123,...n},
so that ¥ =U{4 :i=123,...n}. Thatis {44y, ..., 4,} is a finite subcover of {4 :icl} for (¥, o). Hence (¥,0) is

countably he - compact.

Theorem 4.9. Let (Z,T) be a topological space and xe X. A point x € X is said to be hea -/limit point of A< X
provided that every he - neighbourhood of x contains at least one point of 4 different from x.

Theorem 4.10. Every infinite subset of an nea - compact space has an hea - limit point.

Proof. Let 4 be an infinite subset of an nhe - compact space (Z,T). Suppose that 4 has not an he - limit point.
Then for each x e X, there exists an ha -open set G, containing at most one point of 4. Now, the collection
A={G, :xeX} forms an he -open cover of X. As X is ha-compac, then there exist x,,x,,x;,...x, in X such
that x = U’} Gy Therefore X has at most n points of 4. This implies that A is finite. But this contradicts that

A is infinite. Thus A has an ha-limit point.
5. H -LINDELOF SPACES
In this section, we concentrate on the concept of ha - Lindelsf space and its properties.

Definition 5.1. A topological space (Z,T) is said to be an nha - Lindelsf space if every ha -open cover of X has
a countable subcover.

Definition 5.2. Every ha - Lindelsf space (Z,T) 1S Lindelsf Space.

Proof. Let (Z,T) be an ha- Lindelsf space. Let {4, :icI} be an open cover of (X, 7). Since z< "%, Therefore
{Ai o el} 1S an ha -open cover of (Z,T). Since (Z,T) iS hea - Lindelsf space. So there exists a countable subset

Iy of I such that {Aj ti EIO} is an ha - open subcover of (Z,T). Hence (Z,T) is a Lindelgf space.
Theorem 5.3. EvVery na - compact space 1S ha - Lindeldy .

Proof. Let (Z,T) be an na-compact space. Let {4 :iel} be an nha-open cover of (Z,T) Since (2Z,T) is
ha - compact space. Then {4 :iel} has a finite sub cover say {4, :i=1,2,3,...n. Since every finite subcover is
always countable subcover and therefore {4; :i=1,2,3,..,n} is a countable subcover of {4, :ie}. Hence (X, 1) is
hea - Lindelof” Space.

Theorem 5.4. Every ha-closed subset of an ha - Lindelsf space 1S ha - Lindeldf .

Proof. Let Fbe an ha-closed subset of X and {Gl- :ieI} be ha-open cover of F. Then F® 1S ha -open and
FgU{Gl. :iel}. Hence X=(U{Gi :iel})UFc. Since X 1S ha- Lindelsf, then X:(U{Gi .'ielo})UFC for some
countable subset [, of I. Therefore F QU{G,- o 610}. Thus F 1S ha - Lindeldf .

Theorem 5.5. Let 4be an hea - Lindelsf subset of X and B be an ha-closed subset of X. Then 41 B is
ha - Lindelof .
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Proof. Let {G; :iel} be an na-open cover of 41 B. Then Ac(Uig G)UBC. Since A is ha- Lindelsr, then there

exists a countable subset /; of I such that Ag(UigO Gi)UBc. Therefore A1 B c Uje], G;- Thus 41 B is
ha - Lindeldf .

Theorem 5.6. A topological space (Z,T) 1S hea- Lindelsr if and only if every collection of ha-closed subsets of
X satisfying the countable intersection property, has, itself, a non-empty intersection.

Necessity: Let A={F; :iel} be a collection of ha-closed subsets of X which has the countable intersection
property. Assume that I ;; F; =¢. Then X =U;; F. Since X is ha - Lindelsf, then there exists a countable subset
[, of I such that X =U, Iy F*. Therefore, 1 ;. 1, Fi = ¢ contradicts that A has the countable intersection property.

Thus A has, itself, a non-empty intersection.

Sufficiency: Let {G;:iel} be an ha-open cover of X. Suppose {G.:iel} has no countable subcover. Then
X-U;eyG; #¢, for any countable subset J of I. Now, 1,.,G° #¢ implies that {Gic ci el} is a collection of
ha - closed subsets of X which has the countable intersection property. Therefore I ;.; G #¢. Thus X # U;; G,

contradicts that {G; i€} is an ha -open cover of X. Hence X iS ha - Lindelif.
Theorem 5.7. An ha -continuous image of an he - Lindelsf Space is a Lindelsf Space.

Proof. Let &:(Z,T)—(W,¥) be an ha - continuous mapping from an he - Lindelsf space X onto a topological

space Y. Let {A7 :ie]} be an open cover of Y. Then {f‘1(Al.):ieI} 1S an hea -open cover of X, as f is
ha - continuous. Since X 1S ha - Lindelf space, the ha-open cover { f_1(Ai):ie1} of X has a countable
subcover say {f7'(4,):iely} for some countable set Iy <I. Therefore x =U{s™"(4,):iely}, which implies
f(X)=U{A7~ :ielo}, then Y=U{z47- :ielo}. That is {Af :ielo} a countable subcover of {4, :iel} for y. Hence

(W,¥) is a Lindelsr space.
Theorem 5.8. The image of an h« - Lindelsf space under an hea - irresolue mapping iS he - Lindeldf . Space.

Proof. Suppose that amapping &.:(Z,T)— (W,¥) is an ha -irresolue mapping from an hea - Lindelsf space (Z,T)
onto a topological space (Y, o). Let {Bi ci el} be an hea - open cover of (Y , G). Since g is ha-irresolue. Therefore
{f’1 (B):ie 1} is an ha-open cover of (X,7). As (X,7) iS ha-Lindelsf space, the nha-open cover
{ . (B;):ie 1} of (z,T) has a countable subcover, say { a (B,.):z'elo} for some countable set /y /. Therefore
X =U{s7"(B;):ie1y}, which implies f(X)=U{B, :iely}, so that ¥ =U{B, :iely}. Thatis {B;:iely} acountable

subcover of {B;:iel} for Y. Hence (W,¥) is an ha - Lindelof space.

Theorem 5.9. If (Z,T) 1S ha - Lindelsf space and countably nha -compact space, then (Z,T) 1S ha - compact space.

Proof. Suppose (Z,T) iS ha- Lindelsy space and countably he-compact space. Let {4;:iel} be an na -open
cover of (X, 1). Since (Z,T) iS ha - Lindeldf space, {Ai :iel} has a countable subcover, say {14,~ ol 610} for some
countable set [y /. Therefore {A,- :ielo} is a countable ha-open cover of (X, ). Again, since (Z,T) is
countably hea -compact space, {Af .'ielo} has a finite subcover and say {Ai :i=1,2,3,...,n}. Therefore

{4, :1=12,3,...n} is a finite subcover of {4 :iel} for (X, t). Hence (Z,T) is an ha-compact space.
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Theorem 5.10. If a function &:(Z,T)—(W,¥) is ha-irresolue and a subset 4 of X iS ha - Lindelsf relative to
X, then f(4) is ha- Lindelss relative to Y.

Proof. Let {B,:iel} be a cover of f(d4) by ha-open subsets of Y. By hypothesis, f is ha-irresolue and so
{f‘1 (Bl.):iel} is a cover of 4 by nha -open subsets of X. Since 4 1S hea - Lindelsf relative to x, {f‘1 (Bl-):iel}
has a countable subcover say { I (Bi)"iEIO} for 4, where IO 1s a countable subset of I. Now {B,- .'ie[o} 1s a

countable subcover of {B;:iel} for f(A4). So f(4) is he- Lindelsf relative to Y.
6. ALMOST H_-COMPACT SPACES

Definition 6.1. A topological space (z,T) is called almost ha - compact (resp. almost ha- Lindeldf) provided that
every ha-open cover of X has a finite (resp. countable) sub-collection, the ha-closure of whose members
cover X.

The proofs of the following four propositions are straightforward and therefore will be omitted.

Proposition 6.2. Every almost ha - compact space is almost he - Lindelsf space.

Proposition 6.3.  Every  nha-compact ~ space  (resp.ha-Lindelof space)  is  almost  nha-compact

(resp. almost het - Lindeldf ).

Proposition 6.4. Any finite (resp. countable) topological space (Z,T) 1is almost na-compact

(resp. almost het - Lindeldf ).

Proposition 6.5. A finite (resp. countable) union of almost he - compact (resp. almost ha - Lindeldf’) subsets of (X, 1)

1s almost ha - compact (resp. almost ha - Lindel()'f) .

Definition 6.6. A subset [ of (Z,T) is called ha -clopen provided that it is ha -open and ha-closed.

Theorem 6.7. Let F be an nha-clopen subset of an almost ha - compact (resp. almost ha - Lindeldf) space (X, 1).

Then F is almost ha-compact (resp. almost ha - Lindeldf ).

Proof. Let F be an ha - clopen subset of an almost he - compact space X and {G;:iel} be an ha-open cover

of F. Then F® is ha-open and X ;(U{G,- ti 61})U F¢. Since X is almost ha - compact, then there exists a finite

subset I, of I such that XZ(U{ha-Cl(Gi)-'i610})UFC- Thus it follows that F < Ufha-CI(G,):iely}. Hence F

1s almost hea - compact.

The proof is similar in the case of almost he - Lindelor .

Theorem 6.8. If 4 is an almost ha - compact (resp. almost ha - Lindeldf) subset of (2,T) and B is an hea - clopen

subset of X, then Al B is almost ha -compact (resp. almost ha - Lindeldf).
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Proof. Let 64A={G;:iel} be an na-open cover of 41 B. Then AQ(U{G,- :iel})UB. Since A is almost

ha -compact, then there exists a finite subset 7, of I such that AQ(U{ha-Cl(G,-)-'i EIO})UBC- Hence

Al BgU{ha-Cl(Gi).'iE[O}. Thus 41 B is almost he - compact.

The proof is similar in the case of almost he« - Lindeldf .

Theorem 6.9. Let a mapping &.:(Z,T)—(W,¥) be ha-irresolute. Suppose that 4 is almost na-compact

(resp. almost ha - Lindeldf’) subset of X. Then f(4) is almost he - compact (reSp. almost ha-Lindelé'f).

Proof. Suppose that {G;:i€l} is ha-open cover of f(A4). Then f(4)cU{G, :iel}. Now AgU{f‘1(G[.):iel}.
Since  f iS ha-irresolute, then { f‘1(Gl.):iel} iS an ha-open cover of 4. By hypothesis, 4 is almost
ha -compact, then there exists a finite subset I,of I such that AQU{hOC'Cl[f _1(Gi)] -'i€10}~ Since f is
ha -irresolute,  then ha-Cl( f ‘1(Gl.))g S [ha-ci(G)], for all iel; Hence it follows that
f(A)gUie]Of[f*1 (hOL-Cl(Gl-)):'gUie]O ha-CI(G;), which implies that f(4)c Uiel, ho-CI(G;). Thus f(4) is
almost ha. - compact.

The proof is similar in the case of almost he« - Lindeldf .

Theorem 6.10. Let &:(Z,T)—(W,¥) be an nha - open bijective mapping and (w,¥) is almost ha - compacr. Then

(X, 1) is almost compact.

Proof. Let {G; :iel} be an open cover of X. Then f(X)=f(UiesG;). Therefore Y =Uie; f(G;). Now, Y is almost
ha - compact, then there exists a finite subset 7, of I such that v =Uiel, hoc-Cl[ f (Gl.)} Since f iS ha - open

bijective mapping, then f is ha-closed mapping. Therefore, we have ha-CI[ f(G;)]< f[CI(G;)], for all i€l
Thus ¥ < Uiery /[ CU(G;) ]| < f [Uiezo cl(G; )] which implies that X=/"'(Y)c Ui CI(G). Thus

X =Uier Cl (G;). Hence X is almost compact.

Theorem 6.11. If every collection of ha -closed subsets of (Z,T) satisfying the finite (resp. countable) intersection

property, has, itself, a non-empty intersection, then X is almost he - compact (resp. almost ha - Lindeldy ).

Proof. Let {G;:iel} be an ha-open cover of X. Suppose {G; :iel} has no finite sub-collection such that the
ha - closure of whose members cover X. Then X -UZ{ha-CI(G;)=¢, for any ne N. Therefore X -UZ G, = ¢.
Now, 1L,G° #¢ implies {Gl-c viel } is a collection of ha -closed subsets of X which has the finite intersection

property. Thus I ;.;G # ¢ implies X #U,.;G;. But this is a contradiction. Hence X is almost he - compact.
A similar proof is given in the case of almostha - Lindelof .
7. MILDLY H_-COMPACT SPACES

Definition 7.1. A topological space (Z,T) is called mildly he -compact (resp. mildly he - Lindelsf) provided that
every ha-clopen cover of X has a finite (resp. countable) subcover.

Definition 7.2. Every mildly hea - compact Space is mildly ha - Lindeldf .
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Proof. It is straightforward.

Theorem7.3.  Every almost o -compact (resp. almost ha- Lindeldf) space (X, 1) is mildly he-compact
(resp. mildly ha - Lindeldf ).

Proof. Let A={H,:iel} bean na-clopen cover of (X,1). Since (X, 1) is almost he - compact, then there
exists a finite subset /y of | such that X =Ues ha-CI(H;). Now, ha-CI(H;)=H, Thus (X,t) is mildly

ha - compact.
A similar proof is given when (X, t) is almost ha - Lindelsf.
Corollary 7.4. Every ha - compact (resp. ha -Lindelé'f) space is mildly ha - compact (7’ esp. mildly ha 'Lindeléf).

Theorem 7.5. If F is an nha-clopen subset of a mildly hea - compact (resp. mildly ha-Lindelé'f) space x, then F

1s mildly he - compact (resp. mildlyha - Lindel()'f).
Proof. Let F bean na - clopen subsetof X and {G; :iel} bean ha-clopen cover of F. Then F¢ is an ha - clopen
setand F' CUie/G;. Therefore X = (UieIGl-)U F€. Since X is mildly he - compact, then there exists a finite subset

Iy of I such that X :(Uielo G,-)U F‘. So Fc (Uie]o G,-)- Hence F is mildly he - compact.
The proof is similar in a case of mildly hea - Lindelér .

Theorem 7.6. If 4 is a mildly ha - compact (resp. mildly ha -Lil’ldel(')f) subset of X and B is an ha - clopen subset of

X, then Al B is mildly hea - compact (resp. mildly ha-Lindelé’f).

Proof. Let A={G;:iel} be an nha-clopen cover of Al B. Then Ac(UiesG;)UB°. Since 4 is mildly
ha - compact, then there exists a finite subset I, of I such that 4 Q(Uielo Gi)U B°. Therefore Al B QU,-ejo G;.
Thus AI B is mildly hea - compact.

The proof is similar in case of mildly he - Lindelif .

Theorem 7.7. If &:(Z,T)—(W,¥) is an ha-open bijective mapping and (w,¥) is mildly he -compact, then
(z,T) 1s mildly compact.

Proof. Let {G; :iel} bea clopen cover for X. Then f(X)=f(UiesG;). Hence Y =Uie; f(G;). Since [ iS nhe -open
bijective mapping, then f is ha -closed. Therefore { f(G,):iel } 1S an he - clopen cover of X. Since I is mildly
ha - compact, then there exists a finite subset /; of I such that Y =Uie;, / (G;). Therefore X =Uiel, G;- Thus X is

mildly compact.

Proposition 7.8. A subset 4 of (Z,T) is mildly compact (resp. mildly Lindelé'f) if and only if (Z,T,) is mildly
compact (resp. mildly Lindelé'f).

8. CONCLUSIONS
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We have used he -open sets to introduce the new concepts of notions in topological spaces, namely he - compact

space, countably ha -compact space, hea - Lindelsf space, almost ha -compact space, and mildly he - compact
space and have investigated several properties and the characterization of these new concepts.
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