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ABSTRACT

We introduce and study a new class of spaces, namely semi * a-irresolute topological vector spaces via semi* a-open
sets. We also introduce a new form of topological vector space called contra semi*« topological vector space.
We explore and investigate several properties and characterizations of these new notions of semi * a-irresolute
topological vector space and contra semi*« topological vector space. Furthermore, we define and investigate
new separation axioms, namely s*a-T-spaces (i=0,1,2,3,4) and give complete descriptions for each one of them.

Lastly, we introduce a new concept of semi *a-limit points of a set and study main properties, particularly on the
spaces that possess the difference property.
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1. INTRODUCTION

The concept of topological vector spaces was first given by Kolmogroff [6] in 1934. Since then, different
researchers have explored many interesting and useful properties of topological vector spaces. Due to nice
properties, topological vector spaces earn a great importance and remain a topological notion in fixed point
theory, operator theory, rational inequalities, etc. Now a days the researchers not only make use of topological
vector spaces in other fields for developing new notions but also extend the concept of topological vector spaces
with every possible way, making this field of study a more convenient and understandable. Recently, M. Khan
et al. [4] introduced the notion of s-topological vector space, a generalization of topological vector spaces. In
2016, Khan and Igbal [5] introduced irresolute topological vector spaces which are particular types of
s-topological vector spaces, but irresolute topological vector spaces are independent of topological vector spaces.
Ibrahim [3] initiated the study of a-topological vector spaces. Ram et al. [12] introduced the notion of almost
s-topological vector spaces. In 2018, Radhi I. M. Ali, et al. [1] introduced semi— pre irresolute topological vector
spaces. The study of generalized closed (briefly g-closed) sets in topological spaces was initiated by N. Levine
[91 in 1970. Quite recently, Robert and Missier [13,14,15,16,17] introduced some new concepts, namely
semi * a-open Sets, semi* a-closed sets, the semi* a-closure, semi* a-derived set and semi* a- frontier of a subset. We
introduce semi*« irresolute topological vector space and contra semi* a topological vector space by using
semi* a-open sets and investigate several properties and characterizations of these notions of semi * a-irresolute
topological vector space and contra semi*a topological vector space. Furthermore, we define and investigate
new separation axioms, namely s*o-T,-spaces (i=0,1,2,3,4) and give complete descriptions for each one of them.
In the last section, we explore a new concept of semi * a-limit points of a set and initiate new types of separation
axioms using semi* a-open sets and illustrate the relationships between them.
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2. PRELIMINARIES

A subset 4 of a topological space (., r) is said to be open if 4ez. A subset 4 of a topological space X is said

to be closed if the set X — 4 is open. The interior of a subset 4 of a topological space X is defined as the union
of all open sets contained in 4. It is denoted by Inr(4). The closure of a subset 4 of a topological space X is

defined as the intersection of all closed sets containing 4. It is denoted by CI(4). Throughout this paper, (X, 7)
represent the non-empty topological spaces on which no separation axioms are assumed, unless otherwise
mentioned.

Definition 2.1. A subset 4 of a topological space (X, r) is said to be generalized closed (briefly g-closed) if
Cl(A)cU whenever AcU and U is openin X.

Definition 2.2. A subset 4 of a topological space (X, r) is said to be generalized open (briefly g-open) if X -4
1S g-closed in X.

Definition 2.3. Let 4 be a subset of a space x. The generalized closure of 4 is defined as the intersection of all
g-closed sets containing 4 and is denoted by C7*(4).

Definition 2.4. The union of all generalized open sets containing a set 4 is called the generalized-interior of 4 and
is denoted by Int*(4).

Definition 2.5. A subset 4 of a topological space (X, 7) is called a-open if A< Int[ CI(Int(4))].
Definition 2.6. The union of all a-open sets containing a set 4 is called a-interior of 4 and is denoted by aint(A4).
Definition 2.7. A subset 4 of a topological space (., r) is called a-closed if Cl[lnt(Cl (A))]gA.

Definition 2.8. Let 4 be a subset of a topological space (X, 7). Then the a-closure of 4 1is defined as the
intersection of all a-closed sets containing 4 and is denoted by aCI(4).

Definition 2.9. [15] A subset 4 of a topological space (X,7) is called semi*a-open if A< Cl*[alnt(4)].
The family of all semi*a-open subsets of the space x is denoted by s*a-0(x).

Definition 2.10. [15] The union of all semi* a-open sets containing a set 4 is called semi* a-interior of 4 and is
denoted by s*a-Int(A).

Definition 2.11. [16] A subset 4 of a topological space (X, 7) is called semi*a-closed if A< Int*|aCl(4)].
The family of all semi*a-closed subsets of the space x is denoted by s'a-C(.X).

Definition 2.12. [16] Let 4 be a subset of a topological space (.X,7). Then the semi* a-closure of 4 is defined as
the intersection of all semi * a-closed sets in X containing 4 and is denoted by s*a-Ci(4).

Definition 2.13. A subset 4 of a topological space (X, z) is called semi-open if A< Ci[ Int(4)].

Remark 2.14. [17] Let 4 be a subset of a topological space (X, 7). Then the following implications are true:

open set = a-open set = semi * a-open set = semi-open set
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Theorem 2.15. [15] Let (X,7) be a topological space. Then arbitrary union of semi*a-open sets in X is also

semi * a-open.

Theorem 2.16. [15] Let 4 be a semi*a-open set in X and B be an open set in x. Then ANB is semi* a-open in
X.

Theorem 2.17. [15] Let (X,7) be a topological space and 4 be a subset of x. Then 4 is semi*a-open if and only
if s* a-]nt(A) =A.

Theorem 2.18. [15] Let 4 be a subset of a topological space (X,7). Then the following assertions are true:
(1) 4 is semi*qa-open in X.

(2) AcCl*[ant(4)].

(3) CI*[alnt(4)]|=Cl*(4).

Theorem 2.19. [16] Let 4 be a subset of a topological space (X, 7). Then the following assertions are true:
(1) 4is semi*a-closed in X.

(2) Int*[aCl(4)]c A.

(3) Int*[ aCI(A)|=Int*(A4).

Theorem 2.20. [15] Let (X, 7) be a topological space. Let 4c X and xe.x.Then xes*a-int(4) if and only if
there exists semi*a-open set U in X such that xeU c 4.

Theorem 2.21. [16] Let (X, ) be a topological space and 4 be a subset of x. Then 4 is semi*a-closed if and
only if s*a-Cl(A4)=A4.

Theorem 2.22. [16] Let (X, 7) be a topological space. Let 4c X and xeX. Then xes*a-CI(4) if and only if any
semi* a-open set U in X containing x intersects A.

Proposition 2.23. A subset 4 of a topological space (X,7) is semi*a-open in x if and only if X-4 is

semi * a-closed 1n X.

Definition 2.24. A mapping f :(X,z)—(Y.o) is called semi* a-irresolute at a point xe X if for each semi* a-open
subset 1 in Y containing f(x), there is a semi*a-open subset U of X such that f(U) is a subset of 7.

Theorem 2.25. Let 1 :(X,7)—(Y,o) be a function. Then the following statements are equivalent:
(1) f 1s semi*q-irresolute.

(2) fls*a-Cl(4)|cs*a-CI[ f(4)] holds for every subset 4 of (X,z).

(3) £~ 1(B) is semi*a-closed in (X,7), for every semi*a-closed set B of (¥,5).

(4) f_l(B) 1s semi* a-open In (X,7), for every semi*a-open set Bof (Y,o).
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Proof. (1)=(2): Let ye f[s*a-CI(4)]| and ¥ be any semi*a-openset containing y. Then there exists a point
xeXand a semi*a-openopen set Usuch that f(x)=y, xeUand f(U)cV. Since xes*a-Ci(4), we have
UNA#¢ and hence ¢= f(UNA)c f(U)Nf(4)< VN f(4). This implies yes*a-CI[ f(4)]. Therefore we have
fls*a-Cl(4)]cs*a-CI[ f(4)]

(2)=(3):Let B be a semi*a-closed set in (Y,o). Therefore s*a-CI(B)=B. By using (2)
f[s*a-Cl(f_l(B)ﬂgs*a-Cl(B):B. Therefore we have s*a-CI(f"(B))cf"(B). Hence f'(B) is

semi * a-closed.

(3)=(4)=(1): Easy.

3. PROPERTIES OF SEMI-STAR-ALPHA-IRRESOLUTE TOPOLOGICAL VECTOR SPACES

In this section, we define and investigate basic properties of semi * a-irresolute topological vector spaces.

Definition 3.1. A topological vector space (X(K),r) is called semi * a-irresolute topological vector space (s*alTV)

whenever the following conditions are satisfied.

(1) for each x, yeXx and for each semi*a-open neighborhood w of x+y in X, there exist semi*a-open
neighborhoods U and » in X of x and y respectively, such that U+V cw.

(2) for each xeX, Aek and for each semi*a-open neighborhood w of Ax in X, there exist semi*a-open
neighborhoods U of 1 in K and ¥ of x in X, such that UV cw.

Theorem 3.2. Let (X (K),r) be a semi* a-irresolute topological vector space. Then the following assertions hold.

(1) The (left) right translation 7y : X — X defined by 7\ (y)=y+x;forall x,ye X, is semi* a-irresolute.

(2) The translation M Pl X - X, defined by M 2 (x) = Ax, for all xe X, 1S semi* a-irresolute.

Proof. (1) Let w be a semi*a-open neighborhood of 7y (y)=x+y. Then by definition, there exist semi* a-open
neighborhoods U and ¥ in X containing y and x respectively, such that U+V cw. This gives that
T (U)=U+xcU+V cw. This proves that, T, : X — X is semi* a-irresolute mapping.

(2) Let xeX, iek. Then M, (x)=Ax. Let W be a semi*a-open neighborhood of ix. Then by definition of

semi * a-irresolute topological vector space, there exist semi* a-open neighborhoods U in K of 4 and v in X of
x, such that UV cw. This gives that M, (V)=AV cUV cW. This proves that is semi*a-irresolute mapping.

Theorem 3.3. Let (X (K),r) be a semi * a-irresolute topological vector space. Let 4es*a-O(X). Then the following

statements are true.

(1) x+A4es*a-O(X), for every xex.
(2) Ades*a-O(X), for every non-zero scalar 1ek.

Proof. (1) yex+4 Then y=x+a for some aed By definition of semi*a-irresolute topological vector space,
there exist semi*a-open sets U and ¥ in X containing —x and y respectively such that U+V < 4. This gives
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—x+V cU+V c A4 This implies yeV cx+4. Therefore yes*a-Int(x+A4). Hence, x+A=s*a-Int(x+A). This

proves that x+ 4 1S semi* a-open in X.

1 .. .
(2) Let xe14. Then x=4a for some ae 4 Thus a:zxeA. By the definition of semi * a-irresolute topological
vector space, there exist semi*a-open sets U in K containing n and ¥ in X containing x such that UV c 4.

This implies that « = %x € %V cUV c 4. Hence xeV < A4. Thus we obtain x e s*a-Int(14). Therefore, it follows

that 14 cs*a-Int(14). Hence, 14=s*a-Int(A4). This shows that 14 es*a-0O(X).

Corollary 3.4. Let (X(K),r) be a semi * a-irresolute topological vector space. Let 4 be a semi* a-open subset of x.

Then the following statements are true.

(1) x+Acs* a-Cl[s *a-Int(x+ A)] for each xex.
(2) Adcs*a-Cl[s*a-Int(A4)] for any non-zero scalar 2.

Theorem 3.5. Let (X ) r) be a semi* a-irresolute topological vector space. Let 4es*a-O(X) and B be any subset

of x. Then prove A+Bes*a-O(X).

Proof. Suppose Aes*aq-O(X) and Bc X. Then, for each beB and by Theorem 3.3 (1), we have
A+bes*a-0(X). Then A+B=U{4+b:beB} is a union of semi*a-open sets. Since arbitrary union of

semi * a-open sets 1S semi* a-open, therefore A+ B is semi* a-open in X.

Corollary 3.6. Suppose (X(K),r) 1S semi* a-irresolute topological vector space and let 4es*a-O(X). Then the set

U= U(:l)zl (nd) 1S semi* a-open in X.

Theorem 3.7. Let (X (K),r) be a semi* a-irresolute topological vector space. Let 4c X. Then
(1) s*a-Int(x+A)=x+s*a-Int(A4) for any xeX.

(2) s*a-Int(AA4)=A[s*a-Int(4)] for non-zero scalar 1e K.

Proof. (1) By applying Theorem 3.3 (1), x+s*a-Int(A) 1is semi*a-open. Therefore x+s*a-Int(A)cx+A implies
x+s*a-Int(A) s *a-Int(x+ A). Now suppose that zes*a-Int(x+4). Then z=x+y for some ye 4 By the definition
of semi* a-irresolute topological vector space, there exist semi*a-open sets U and ¥ in X containing x and y
respectively, such that U+V cx+s*a-Int(A4). This gives that z=x+yex+V cU+V cx+s*a-Int(A4). Therefore it
follows that s*a-Int(x+ A) = x+s*a-Int(A).

(2) By  Theorem3.3(2), A[s*a-Int(A)| is  semi*a-open. Thus  A[s*a-Int(4)]cid  implies that
Al s*a-Int(A)|cs*a-Int(A4). Next, if yes*a-Int(A4), then y=2ix for some xe4 By the definition of
semi * a-irresolute topological vector space, there exist semi*a-open sets Uof 1 and ¥ of x in X such that
UV cs*a-Int(A4)c AA. SO y=Axe AV cUV < AA. This implies that xeV c 4 and since v is semi* a-open.
Thus it shows that xes*a-Int(4). Consequently, y=Axei[s*a-Int(4)]. Hence, we conclude  that
s*a-Int(AA)=A[ s * a-Int(A4)].
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Theorem 3.8. Let F be any semi*a-closed subset of a semi* a-irresolute topological vector space Xx. Then the
following assertions are true:

(1) x+Fes*a-C(X), forevery xeX.
(2) AFes*a-C(X), for each non-zero scalar 1eK.

Proof. (1) Suppose that yes*a-Ci(x+F). Consider z=—x+y and let w be any semi*a-open setin X containing
z. Then there exist semi*a-open sets U and ¥ in X such that —xeU, yeV and U+VcW. Since
yes*a-Cl(x+F), (x+F)NV=¢. So, there is ae(x+F)NV. Thus aex+F and aey. Hence —x+aeF and
—x+aeU+V. Therefore —x+ae FN(U+V)c FNW. Thus FNW #¢. Therefore z=-x+yes*a-CI(F)=F. Hence
yex+F. Thus x+F =s*q-Cl(x+F). This proves that x+F is semi* a-closed setin X.

(2) Assume that xes*a-CI(AF). Let w be any semi*a-open neighborhood of yz%x in x. Since X is

semi * a-irresolute topological vector space, there exist semi*a-open sets U in K containing % and ¥ in X
containing x such that UV cW. By hypothesis, (1F)NV =¢. Therefore, there is a(AF)NV. Thus aeAF and
acV. Hence %a e F and %a € %V cUV cWw. Therefore FNW #¢. Hence y= %x es*a-Cl(F)=F. Thus xeAF

and thereby, AF =s*a-CI(AF). Hence AF es*a-C(X).

Corollary 3.9. Let (X(K),r) be a semi*a-irresolute  topological vector space. Let 4cXx. Then the following

statement is true.

s*a-Cl[ x+s*a-Cl(4)]=x+s*a-Cl(4) for each xe.x.

Theorem 3.10. Let (X(K),r) be a semi* a-irresolute topological vector space and s be a subspace of x. If §

contains a non-empty semi* a-open subset of X, then S is semi* a-open setin X.

Proof. Suppose U is a non-empty semi* a-open subset of x such that U c S. By Theorem 3.3 (1), 7,(U)=U+y is
semi* a-open subset of X. Thus S=U{U+y:yeS} is semi*a-open in X being union of semi* a-open sets.

Theorem 3.11. Let 4 be any subset of a semi * a-irresolute topological vector space x. Then prove the following
statements.

(1) x+s*a-Cl(A)=s*a-Cl(x+A) for any xe.X.
(2) s*a-Cl(A4)=A[s*a-CI(A4)] for any non-zero scalar .

Proof. (1) By applying Theorem 3.8(1), x+s*a-Cl(A4) is semi*a-closed. Hence x+Acs*a-Cl(x+A4) implies
s*a-Cl(x+A)cx+s*a-CI(4). For the reverse inclusion, let zex+s*a-Cl(4). Then z=x+y, for some
yes*a-Cl(A4). Let w be any semi*a-open neighborhood of z in Xx. Then, there exist semi*a-open
neighborhoods U and v of x and y respectively in X such that U+V cWw. Since yes*a-Ci(4), ANV #4¢.
Consider ae ANV. Then x+ae(x+A)N(U+V)c (x+A)NW = (x+A4)NW =¢. Consequently, zes*a-Cl(x+A4).
So x+s*a-Cl(4) cs*a-Cl(x+A). Hence, x+s*a-Cl(A)= s*a-Cl(x+A)
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(2) By Theorem3.8(2), A[s*a-CI(4)] is  semi*a-closed. Therefore Aidc A[s*a-CI(4)] implies that
s*a-Cl(A4) < A[ s*a-CI(4)]. Next, suppose that y=AixeA[s*a-CI(4)], where xes*a-CI(4) and let w be any
semi* a-open neighborhood of y=Ax in Xx. Then we get semi*a-open sets U in K containing A and 7 in x
containing x such that UV cW. Since xes*a-CI(A4), thereis ae ANV and hence a4 and aev.Then Aaei4
and Aae AV cUV cW. Thus Jae(24)NWw and hence (24)NW = ¢. This implies that y =Ax es*a-Cl(24). Then
this shows that A[s*a-CI(4)]< s*a-Ci(44). Consequently, we obtain s*a-Cl(A4)=A[s*a-CI(4)].

Theorem 3.12. Let (X(K), r) be a semi* a-irresolute topological vector space. Let 4 and B be subsets of x. Then

s*a-Cl(A)+s*a-Cl(B) = s*a-Cl(A+B).

Proof. Let xes*a-CI(4) and yes*a-CI(B), let w be a semi*a-open neighborhood of x+y. Then there exist
semi * a-open neighborhoods U and ¥ of x and y respectively, such that U+V cW. Since, xes*a-Ci(4),
yes*a-Cl(B), there are aeANU and beBNV. Then, a+be(4+B)N(U+V)c=(4+B)Nw.This implies that
x+yes*a-Cl(A+B). Therefore we conclude that s*a-CI(A4)+s*a-Cl(B)=s*a-CI(A+B).

Theorem 3.13. Let (X () r) be a semi*a-irresolute topological vector space. For given ye X and 1k with 1#0,
each translation mapping 7), : X —x defined by 7y (x)=x+y and multiplication mapping , X —>x defined

by M Pl (x) =Ax, where xe X, is semi”a-hom eomorphism onto itself.

Proof. First, we show that 7, : X — X is semi” a-homeomorphism. It is obviously bijective. By Theorem 3.2 (1), T Y
is semi”a-irresolute. Moreover, Ty is pre-semi”a-open because for any semi*a-open set U, by Theorem 3.3 (1),

T, (U)=U+y is semi*a-open. Similarly, we can prove that a7, is semi*a-homeomorphism.

A

Theorem 3.14. Let (X(K), r) be a semi™ a-irresolute topological vector space. Then any semi”a-open subspace of X
is semi” a-closed in X.
Proof. Let G be a semi*a-open subspace of X. Then by Theorem 3.3 (1), forany xe X—G, G+x is semi” a-open.

We also clearly have xeG+xc X~G. Then, Z=U{G+x:xe X-G}= X -G being a union of semi"a-open sets is

o 3 K
semi”a-open. Therefore, G=X—Z is semi a-closed.

Theorem 3.15. Let (X(K), 1) be a semi’a-irresolute topological vector space and B be a semi”a-open setin x. Then

for any subset 4 of X, we have A+B=s"a-Cl (4)+B.

Proof. Since we know that Ac s a-Cl(4), so A+Bcs"a-Cl(4)+B. Conversely, let yes a-Cl(4)+B and write

y=x+b, where xes a-Cl(4) and beB. There exists a semi'a-open neighborhood V' of zero such that
Tb(V)=V+bgB. Now, V is semi*a-open neighborhood of 0 in X, this gives that —V is also semi*a-open

neighborhood of 0 in X. Then x—V is a semi*a-open neighborhood of x. Since xes a-Cl (4), so there exists
an element ae AN(x-V). We know that y=x+b=a-a+x+bea+V +bc A+B. Therefore, s*a-Cl(A)+BgA+B.

Hence, consequently, we obtain A+B=s"a-Cl(4)+B,

Theorem 3.16. Let (X(K),r) be a semi  a-irresolute topological vector space. Then the scalar multiple of

semi a-closed seti1s semi a-closed.
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Proof. Let B be a semi"a-closed set in X and let AeK—{0}. Then X—B is semi*a-open set in x. Now

M, (X-B)=A(X-B)=AX-iB=

X-ABes a-0(X). Therefore, ABe s a-C (X).

Definition 3.17. A topological space (X, 7) is said to be semi‘a-compact if every cover of X by semi*a-open sets
of X has a finite sub cover. A subset 4 of X is said to be semi"a-compact relative to X if every cover of 4 by
semi” a-open sets of X has a finite sub cover.

Theorem 3.18. Let (X(K), r) be a semi” a-irresolute topological vector space and let 4 be any semi”a-compact set in

X. Then prove that x+ A4 is semi*a-compact for each xe X.
Proof. Let 0= {Ua € /1} be a semi*a-open cover of x+4 Then Ac U{—x+Ua lae /1} and
{~x+Uy :a e A} cs"a-0(X). By hypothesis, 4< U{—x+Ua fae /10} for some finite subset 4, < 4. Whence we

find that x+4c U{U o Q€ AO} This shows that x+ 4 is semi”a-compact. Hence, the proof is complete.

Theorem 3.19. Let (X () r) be a semi*a-irresolute topological vector space. The scalar multiple of semi™a-compact

set iS semi *a-compact.

Proof. Let 4 be a semi*a-compact subset of X. If 1=0 we are nothing to prove. Assume AeK-{0}. Let

¥ ={Uy:aeA} be a semi*a-open cover of i4. Then i4cU¥ and this implies that Ag(%)(US")=

(%j(U{Ua caed))= U{(%)Ua :aeA}. Since {U, rae A} cs’a-0O(X) and (X(K),r) 1S semi*a-irresolute topological

1 . .
vector space. Therefore, we have {(IJUQ ra eA}gs*a-O(X ). By hypothesis A4 is semi” a-compact, therefore

there exists a finite subset 4, < 4 such that 4c U{(%} Uy :ae /10} This implies that 44 ¢ U{U o A€ /10} Hence

AA is semi” a-compact.

Definition 3.20. A mapping f.-(X(K), rX) —>(Y(K), ry) is said to be linear if f(ax+pBy)= af(x)+Af(y), for all
x,yeX and «a, feK.

Definition 3.21. A mapping /:X —K is called linear functional if f(ax+pgy)=af(x)+pf(y). forall x,ye X
and «, feKk. The kernel of f is defined by Ker(f)={xeX: f(x)=0}.

Theorem 3.22. Let f .'(X(K), TX)—>(Y(K), ry) be a linear mapping such that f is semi* a-irresolute at 0. Then f is

*
semi a-irresolute on X.

Proof. Let x be any non-zero element of X and ¥ be any semi*a-open set in ¥ containing f(x). Since the
translation of a semi*a-open set in a semi" a-irresolute topological vector spaces is semi”a-open, V—f(x) is
semi”a-open set in Y containing 0. Since [ is semi a-irresolute at 0, there exists a semi*a-open set U in X
containing 0 such that f(U)<V - f(x). Furthermore, the linearity of f implies that f(x+U)cV. By Theorem

3.3 (1), x+U is semi*a-open and hence f is semi" a-irresolute at x. By hypothesis, f is semi'a-irresolute at 0.
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This reflects that f is semi” a-irresolute.

Corollary 3.23. Let (X(K), r) be a semi” a-irresolute topological vector space. Let f:X —K be a linear function

which is semi” a-irresolute at 0. Then the set F = {x eX:f(x)= O} is semi” a-closed.

4, CHARACTERIZATIONS OF SEMI-STAR-ALPHA-IRRESOLUTE TOPOLOGICAL VECTOR SPACES
In this section, we give some characterizations of semi*a-irresolute topological vector spaces.

Theorem 4.1. Let (X, 7) be a semi” a-irresolute topological vector space and x e X, Then the following assertions
are true:

() If U es™a-N(x), then xeU.

(2) If Ues*a-N(x) and ¥ is a neighborhood of x, then UNV es*a-N(x).

(3) If U es*a-N(x), then there exists ¥ e s*a-N(x) such that Ues a-N(y), forall ye.
(4) If Ues*a-N(x) and U cV, then v es*a-N(x).

(5) If Ues*a-N(0), then AU es*a-N(0) for every non-zero element 1eR.

(6) If U es*a-N(x) and V' is a semi" a-neighborhood of x, then UNV es*a-N(x).

(7) Ues*a-N(0) ifand only if x+U e s*a-N(x).

Proof. We will prove (2), (5) and (7) while the proofs of others follow easily.

(2) If U is a semi’a-neighborhood of x, and V is a neighborhood of x, then there is a semi™a-open subset 4 and
an open set B such that xe A4cU and xe BcV. Then xe ANBcUNV. Since the intersection of an open set and
semi*a-open set is Semi*a-open. Thus 4ANB es*a-O(X ) Therefore UNV is a Semi*a-neighborhood of x.

(5) Let U be a semi”a-neighborhood for zero. Then there exists a semi” a-open neighborhood ¥ of zero such that

V' cU. Since the map M, - x — x, defined by M, (x)=4x, is semi” a-irresolute. The inverse map N XX,
defined by ~ P (x)= %x, is also a semi” a-irresolute. Thus M . 1S semi"a-homeomorphism, for each A eR—{O}. Hence

M,(V)=AV is a semi'a-open neighborhood of zero. Furthermore, clearly AV cAU. Thus consequently
AU es’a-N(0).

(7) Suppose U is a semi'a-neighborhood for zero. Then there exists a semi'a-open neighborhood V' of zero such
that ¥ cU. Since the map 7, : x — x, defined by T.(y)=y+x, is semi’a-irresolute. The inverse map S.;X — X,
defined by S (y)=x-y, is also semi’a-irresolute. Thus T  is semi'a-homeomorphism, for each xeX. Hence
T.(V)=x+Vis a semi’a-open neighborhood for a point x. Clearly x+Vcx+U. Thus x+Ues'a-N(x). The
converse can be proved similarly.

Definition 4.2. A subset 4 of a topological vector space X is called balanced if and only if 214< 4 for each A1eR
such that |4|<1.

www.jamsjournals.org Page 1610


https://jamsjournal.org/JAMS

JOURNAL OF ADVANCED MULTIDISCIPLINARY STUDIES (JAMS)
JAMS |Volume I Issue III October 2026 | DOI: 10.68050/JAMS

Definition 4.3. A subset 4 of atopological vector space X is called absorbing if for all x e x there exists a number
£>0 such that Axe 4 for |1|<e.

Definition 4.4. A set C of a topological vector space X is said to be convex, if and only if it contains all segments
between its points: xe C, y€C, for 1€[0,1] implies &x+(1-¢)y€C, orequivalently (C+(1-1)CcC, forall t€[0,1].
A set C of a topological vector space X is said to be absolutely convex if it is both convex and balanced.

Theorem 4.5. Let (X ()’ T) be a semi’a-irresolute topological vector space. If a subset C of X is convex, then

s'a-CI(C) is also convex.

Proof. The convexity of C implies ¢1C+(1-¢)CcC. By Theorem 3.11 (2), and Theorem 3.12, it follows that
[ s'a-CI(C) |+(1-1)[ s'a-CI(C) | = 5'a-CI((C)+ s"a-CI[ (1-1)C | < s"a-CI[1C+(1-1)C | =5"a-CI(C). Thus
t[ s'a-CI(C) |+ (1-1)[ s'a-CI(C) | = s’a-CI(C). Hence we conclude that s'a-CI(C) is convex.

Theorem 4.6. Let (X(K),r) be a semi*a-irresolute topological vector space. If a subset ¢ of X is convex, then

s'a-Int(C) is also convex.

Proof. By Theorem 3.5, it follows immediately that s"a-Int(A4)+s a-Int(B) < s"a-Int( A+ B) for any subsets 4 and
B of X.Then applying this result and Theorem 3.7 (2), f[s'a-Int(C)]+(1-t)[s'a-Int(C)|= s'a-Int(tC)+
s‘a-Int[ (1-1)C| < s'a-Int[ tC+(1-1)C|=s"a-Int(C). Therefore s’a-Int(C) is convex.

Theorem 4.7. Let (X(K), z’) be a semi'a-irresolute topological vector space. Then the following statements are

equivalent:

(a) Every semi‘a-neighborhood U of zero is absorbing.
(b) For every semi'a-neighborhood U for zero, there exists a balanced set ¥ e s’a-N(0) such that ¥ cU.

Proof. (a) Suppose U is a semi'a-neighborhood for zero. Then there exists a semi'a-open subset ¥ e N, such that

V cU. By hypothesis X is a semi*a-irresolute topological vector space. So there exist semi’a-open sets V, of [
containing zero and v, of X containing zero such that ./, c V. The set v, contains an open interval of the
form (-¢, ¢) for some &>0. Therefore rxeV cU forall te(-¢,¢) and forall x e¥,. This implies U is absorbing.

(b) Let U be a semi*a-neighborhood of zero. By hypothesis X is a semia-irresolute topological vector space. So
there exist semi’a-open sets ¥, of I containing zero and ¥, of X containing zero such that ,», cu. Then there
exists £>0 such that (-¢,&)cV,. Define W =U{tV, :teR|<e}. Since w, is a semi'a-neighborhood of zero, for
t#0 and v, cU for re(-¢,¢). Thus W is a semi’a-neighborhood for zero and W cU. Now we have to show
that W is balanced. Let reR such that |f|<l. Let re(-¢ ¢) and xe¥,. Since |r|=|r|f<||<e. Thus
r(tx)=(rt)xe(-¢, &)V, cW. This shows that »w c . Therefore W is balanced.

Theorem 4.8.Let X be a semi"a-irresolute topological vector space. Then sa-Cl(4)=N{4+U :U es’a-N(0)}.

Proof. Assume xes'a-Cl(A4) and let U be a semi'a-neighborhood of zero. Then by Theorem 4.7(b), there exits a

balanced neighborhood ¥V for zero such that ¥ cu. Thus x+V is a semi‘a-neighborhood for x and xes'a-Cl(4),
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s0 (x+V)NA#¢. Take ae(x+V)NA Then aex+V and ae 4 Let a=x+v forsome veV. Since V' is balanced,
so A-V=A4+V. Take x=a+(-v)eA-V implies xe A+V c A+U. Thus xe A+U, for any semi‘a-neighborhood U
of zero. Thus we obtain s'a-Cl(4)cN{4+U :U es’a-N(0)}.

Conversely if x¢s’a-Cl(4), then there exists a balanced neighborhood U for zero such that (x+U)NA4=¢. Thus
x¢ A-U=A4+U. Hence x¢N{4+U :U es'a-N(0)}. It follows that N{4+U :U e s’a-N(0)} = s’a-CI(4). Thus we get
s'a-Cl(A)=N{4+U :U es’a-N(0)}.

Theorem 4.9. Let X be a semi’a-irresolute topological vector space. Then the following assertions are true.
(a) Forevery U es'a-N(0), there exists symmetric set ¥ es'a-N(0) such that y+y cu.

(b) For every U es’a-N(0), there exits a semi’a-closed balanced set ¥ s’a-N(0) such that ¥ cU.

(c) For every U es’a-N(0), there exists symmetric set ¥ es’a-N(0) such that v+ +r cu.

Proof. (a) Assume Ues'a-N(0). By hypothesis X is a semi‘a-irresolute topological vector space. There exist
s"a-open neighborhoods ¥, and ¥, for zero in X such that v, +¥, cu. Let V=V,N(-¥;)NV,N(-V;). Then V is a
symmetric semi"a-open neighborhood of zero and v+v v, +v, cU.

(b) Let U be a semi'a-neihborhood of zero in X. By part (a), there is semi'a-neihborhood V for zero with
V+V cU. By Theorem 4.7 (b), there exits semi*a-neihborhood W for zero, which is balanced and w <. Then by
Theorem 4.8, we obtain s'a-CI(W)cW+V <V +V cU. This shows that U contains a semi"a-closed neighborhood
of zero.

(¢) Follows easily from (a).

Definition 4.10. A topological space (X,7) is called semi*a-Hausdorff, if for each two distinct points x and y in
X, there exist disjoint semi"a-open sets v, V suchthat xetU and yeV.

Now we give some properties of semi"a-Hausdorff space.

Theorem 4.11. Let X be a semi’a-irresolute topological vector space. Then the following statements are
equivalent.

(a) X is semi'a-Hausdorff.
(b) If xe X, x=0, then there exists U es’a-N(0) such that x¢U.
(¢) If x, ye X, x#y, then there exists ¥ es’a-N(x) such that yeV.

Proof. By continuity of translation, it is sufficient to prove the equivalence between (a) and (b) only.

(a)=>(b): Assume a non-zero vector x belongs to X. Since X is semi'a-Hausdorff. Therefore there are disjoint
semi’a-open sets U,V < X such that 0eU and xeV. Thus Ues'a-N(0), Ves'a-N(x) and xgU.

(b)=(a): Let x, ye X be such that x—y=0. Then there exists U es'a-N(0) such that x—y¢U. By Theorem 4.9
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(a), there exists a symmetric semi*a-neihborhood W of zero such that W +w cU. By Theorem 4.7 (b), w can be
assumed to be balanced. Let ¥, =x+w and v, =y+w. We note that ¥, es’a-N(x), V,es’a-N(y) and Ny, =¢,

since if zew,Nw,, then z—xew and z-yew. Since w is balanced, so —(z-x)eW. It follows that
x-y=(z-y)+[-(z-x)]ew+W cU, which is a contradiction. So, we must have ¥ Ny, =¢. Finally, by the
definition of semi’a-neihborhood, there exist V'V, es'a-O(X) such that xeV, cV,, yeV, cV,, and ¥V, NV, =4.
This shows that the space X is semi*a-Hausdorff. This completes the proof.

The following result follows from Theorem 4.11.

Corollary 4.12. Let X be a semi*a-irresolute topological vector space. Then the following statements are
equivalent.

(a) X is semi'a-Hausdorff.
(b) N{U:Ues'a-N(0)}={o0}.
(c) ﬂ{U :Ues*a-N(x)} ={x}.

Theorem 4.13. A semi*a-irresolute topological vector space X is semi'a-Hausdorff if and only if every one-point
setin X iS semi*a-closed In X.

Proof. Let xe X and ye X —{x}. Then y—x#0, and by assumption, there exists U es’a-N(0) such that y—xeU.
By Theorem 4.9 (b), there exists a semi*a-closed and balanced set V es'a-N(0) such that V' cU. It follows that
y—x¢&V thatis y—xeX—v. Thus ye(X -V)+{x}. But (X-V)+{x} is semi'a-open, since V is semi'a-closed, and
(X =V)+{x} < X —{x}. This shows that X —{x} is semi'a-open. For the converse, let xe X and assume that {x} is
semi"a-closed. Then by Theorem 4.8, {x}=s"a-CI({x})= ﬂ{U—i—{x} Ue s*a-N(O)} = ﬂ{V Ve s*a-N(x)}, where
V=U+{x}es’a-N(x). Then by Corollary 4.12, X is semi'a-Hausdorff. This completes the proof.

Since translation is a semi’a-homeomorphism and as a consequence of Theorem 4.13, we have the following result.

Corollary 4.14. A semi’a-irresolute topological vector space X is semi'a-Hausdorff if and only if {0} is

semi*a~closed In X.

Theorem 4.15. Let C, M be disjoint sets in a semi*a-irresolute topological vector space X with C semi’a-closed,
M semi’a-compact. Then there exists U es’a-N(0) with (M +U)N(C+U)=4.

Proof. If M =¢, then there is nothing to prove. Otherwise, let xe M and by the invariance with translation, we
can assume x=0. Then X—-C 1is a semi"a-open neighborhood of zero. Since addition is semi*a-irresolute and
semi” a-continuous, by 0=0+0+0, there is an open neighborhood U of 0 such that 3u= U+U+UcX-C. By
defining W =UN(-U)<U we have that w is open, and hence semi’a-open symmetric and 3W =W +W+W c X -C.
This means that ¢={3x:xeW}NC= {2x:xeW}N{y-x:yeCxeW} oWN(C+W). This concludes the proof for a
single point.

Sine M is semi’a-compact, then repeating the above argument for all xe M, we obtain symmetric semi"a-open
sets V. such that (x+2V,)N(C+V,)=¢. The set {x+V,:xeM} is a semi'a-open covering of M, but M is

semi"a-compact. Hence there 1s a finite number of points x, e M, i=12,...,n, such that M c U(xl. +V, ) Define the
i=1
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semi"a-open neighborhood V' of zero by V=rn]in. Then we get (M+V)N(C+V)c LnJ(x,.+V;I+V)ﬂ(C+V)g

i=1 i=1
n

U[(xl. +27,)(C+7, )J = ¢. This completes the proof.

i=1

Lemma 4.16. If U is a semi"a-open set and U N 4= ¢, then Uﬂ[s*aCl(A)] = 4.

Proof. Suppose that there exists an xeUN[s'a-CI(4)]. Then xes'a-Cl(A4) and U is a semi"a-open neighborhood
of x and X-U is semi’a-closed set containing 4, hence s'a-Cl(A)cX-U and x¢s'a-Cl(4) which is
contradiction, hence UN[s'a-Cl(4)]=4.

Corollary 4.17. Let C, M be disjoint sets in a semi*a-irresolute topological vector space X with C semi’a-closed,
M  semi’a-compact. Then there exists U es’a-N(0) with [s*a-Cl (M + U)] N(C+U)=4¢.

Proof. By Theorem 4.15, there exists U es’a-N(0) such that (M +U)N(C+U)=¢. Now C+U=U{y+U:yeC} is

semi‘a-open set being a union of semi"a-open sets. Then by Lemma 4.16, we obtain [s'a-CI(M +U)|N(C+U)=¢.

Theorem 4.18. Let (X(K),r) be a semi*a-irresolute topological vector space. Let f: X —[ be a non-zero linear

map. Then f(G) is semi'a-open in [I whenever G is semi‘a-open in X.

Proof. Let G be a nonempty semi'a-open set. Then one can assume that there is x,€ X —{0} such that f(x,)=1.
For any aeG, it is required to show that f(a)es'a-Int[ f(G)]. Since Ges'a-N(a) by Theorem 4.1 we have
G-aes'a-N(0). Also by Theorem 4.7 (a) G-a is absorbing, that is, absorbs x,, namely there exists an & >0

such that ix,eG-a whenever Ael with |A<e. Now for any pgel with |8-f(a)<e we have

[B-1(a)]x €G-a, so f[(B-f(a))% |ef(G-a). Since f is linear. This implies that (5~ /(a))/(x,) < f(G~a).
Hence we get (8- f(a))(1)e f(G-a)=/(G)-f(a). This implies that S f(G) and f(a)e(f-¢ f+¢). Thus
f(a)emn| f(G)|cs'a-Int| f(G)]; hence consequently f(G)=s"a-Int| f(G)].

Lemma 4.19. Let X be a vector space and ¢= M < X. For ae M, the following statements are equivalent.

(1) a is an extreme point of M.
(2) If x, yeM are such that a:%(x+y), then a=x=y.
(3) Let x, ye M be such that x=y, let 1(0,1) and a=Ax+(1-1)y. Then we have either A=0 or A=1.

Theorem 4.20. Let (X(K), r) be a semi’a-irresolute topological vector space and C be a convex subset of X. Then

[s*a-lnt(C)J N(eC)=4¢.

Proof. If s’a-Int(C)=¢, then the result is trivial. Suppose that s'a-Int(C)#¢ and let xes’a-Int(C). Then there
exists ¥ es’a-N(0) such that x+7 cC. As the map @:[ — X, where @(u)=ux is continuous at #=1, for this

semi* a-neighborhood x+V, there is an r>0 such that guxex+V whenever |u—1|<r. In particular, we have

(1+r)xex+V < C and (1-r)xex+V cC. Now consider x=A(1+7)x+(1-2)(1-r)x and take /1:%. Consequently,
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we have x= %(1 + r)x+(l—%)(l —r)x, which implies that x is not an extreme point of C.

Theorem 4.21. Let X be a semi*a-irresolute topological vector space and W an s'a-neighborhood of 0. Then there
is a semi’a-neighborhood U of 0 such that s’a-CI(U)cW. Equivalently, if C is a semi’a-closed subset of X and x

a point of X outside C then there are disjoint semi’a-open sets U, and U, with xeu, and ccu,.

Proof. Let x be a point outside a semi*a-closed set C < X. We will produce a semi’a-open set U containing x with
[s*a-Cl (U )JDC =¢;, then v, =vu and U,=X —[s*a-Cl (U )] the complement of the semi'a-closure of U, are
disjoint semi"a-open sets with xeU, and Cc cu,, as desired. We know that X looks the same everywhere, so we
may work with x=0. Let W be the complement of C. Then W is a semi"a-open set with 0elW. By hypothesis
X 18 semi"a-irresolute topological vector space. So by Theorem 4.9 (a), there exists a semi’a-open subset U of 0

such that U+U cw. This means that U+U is disjoint from C. Equivalently, U 1is disjoint from Cc-uv. For
otherwise there would be an x €U which could be expressed as ¢—y with ceC and yeU, which would imply

that c=x+yeU+UcW isin W. Now theset —U is semi'a-open because the map X »>X: x—>(-1)x=-x isa
semi’a-homeomorphism, and hence so are all its translates x-U. Sothe set U,=C-U=U{c-U:ceC} is semi'a-open,

being the union of semi"a-open sets. Thus we have found a semi’a-open set U, =U containing 0 and a semi’a-open
set U,, disjoint from v,, with ccu,.

Theorem 4.22. Let (X(K), r) be a semi’a-irresolute topological vector space. Then every semi"a-open subspace S

of X isalso a semi*a-irresolute topological vector space.

Proof. Let W be a semi’a-open neighborhood of x+y in S where x, y are two distinct points in S. Since S is
a semi’a-open subspace of X, then Wis a semi'a-open neighborhood of x+yp in X, and by definition of
semi”a-irresolute topological vector space, there exist semi’a-open neighborhoods U of x in X and V of y in
X such that U+V cw. Then the sets G=UNS and H=VNS are semi"a-open neighborhoods of x and y
respectively, in S such that G+HcU+V <cW. Now suppose i1ek, xeS and let w be a semi"a-open
neighborhood of Ax in S. Since S is a semi"a-open subspace of X, then W is a semi"a-open neighborhood of Ax
in X. Then there exist semi’a-open neighborhoods U of A in K and ¥ of x in X such that UV cw. Then the
set G=U is a semi"a-open neighborhood of 4 in K and the set #=VNS is a semi"a-open neighborhood of x in
S. Also GHcUV cW. Hence S is a semi’a-irresolute topological vector space.

Theorem 4.23. Suppose that (X(K), r) is a semi*a-irresolute topological vector space. If S < X is a linear subspace,

then so is s"a-CI(S).

Proof. Let S be a linear subspace of X. Thus S+Sc<S and for all 1€k, 2.S5<S. By Theorem 3.12,
s'a-Cl(S)+s'a-Cl(S)cs'a-Cl(S+S)c s'a-Cl(S). By  Theorem  3.11(2), for every ek,
A s'a-CI(S)|=5"a-CI(1S) = s"a-CI(S). Therefore, s'a-CI(S) is a linear subspace of x.

Definition 4.24. Suppose that (X(K), r) 1s a semi"a-irresolute topological vector space. A subset £ < X is said to be

bounded if for all semi"a-open sets V' containing 0, there exists s € R such that for all z>s, Ec¢V. Thatis, every
semi”a-open neighborhood of zero contains E after being blown up sufficiently.

Theorem 4.25. Suppose that (X(K), r) is a semi’a-irresolute topological vector space. If £ is a bounded subset of

X, then s’a-CI(E) is bounded.
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Proof. Let w be an s'a-open set containing 0, then by Theorem 4.21, there exists Ues'a-N(0) such that
s'a-Cl(U)cW. Since E is bounded, so EctU ct[s'a-CI(U)]< W, for sufficiently large values of 7. It follows
that for large enough ¢, s"a-Cl(E)c s’a-CI(tU )gt[s*a-Cl(U )]gtW. Thus, s’a-CI(E) is bounded.

Theorem 4.26. Let (X, 7) be a semi*a-irresolute topological vector space. Let V' be a semi*a-open neighborhood of

zero in X. Then for every sequence {r,:ne N} of positive real numbers such that », — oo, | Jr,} = X.

n=1

Proof. Let xe X and consider the sequence {1 ‘neN } This sequence converges to 0 by the semi*a-irresoluteness
r

of the scalar multiplication FxX — X. Thus, for sufficiently large n, i eV 1e., xerV.
r

Theorem 4.27. Let (X,7) be a semi’a-irresolute topological vector space. Then every semi‘a-compact set is
bounded.

Proof. Let C be a semi"a-compact subset of X. We need to prove that it is bounded, namely, that for every
semi’a-open neighborhood V' of 0, C <tV for sufficiently large ¢. Let V' be a semi’a-open neighborhood of 0,
then by Theorem 4.7(b), there exists a balanced semi’a-open neighborhood W of 0 such that W V. By Theorem

426, Cc U’ian. Since, C is semi"a-compact, therefore there exists a positive integer m such that C c U;”:l nW =

n,\J" (n,/n,)W cnw. Thus, forall ¢t>n, CcnW =[t(n,/t)]W ctW ctv, which implies that C is bounded.
=1\

Theorem 4.28. Let (X, 7) be a semia-irresolute topological vector space. Then every Cauchy sequence in X is
bounded.

Proof. Let {x :neN} be a Cauchy sequence in Xx. Let W be a semi'a-open neighborhood of zero, then by

Theorem 4.9 (a), there exists a semi’a-open neighborhood V' of 0 such that V' +V <w. By definition of a Cauchy
sequence, there exists N such that for all m, n>N, x,—x, er and in particular for all n>N, x, ex, +V. Set
s>1 such that x, esV, then forall n>N, x, esV+v < sV+sVcsW. Since for balanced sets sW < W for s <¢,
and since every semi’a-open neighborhood of 0 contains a balanced neighborhood, this proves that the sequence
is bounded.

Definition 4.29. Let X be a vector space over [J. A non-negative real-valued function p defined on X is a
pseudonorm 1f it satisfies the following two conditions.

(i) p(/lx)=|/1|p(x), forall xexand Aell,

(ii) p(x+y)£p(x)+p(y), for all x,ye X.

Now, we introduce the notion of locally convex semi’a-irresolute topological vector space. Moreover, we give a
necessary and sufficient condition, in terms of convex semi*a-neighborhoods of 0, for a semi’a-irresolute

topological vector space to be locally convex.

Definition 4.30. A semi’a-irresolute topological vector space (X,7) is locally convex if for all xe X, every

Ses'a-N(x) contains a convex set U esa-N(x).

Theorem 4.31. A semi*a-irresolute topological vector space (X,7) is locally convex if and only if every
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Ses’a-N(0) contains a convex set U es'a-N(0).

Proof. The sufficiency part is trivial. Let Ses'a-N(x). Then by Theorem 4.1(7), S-xes'a-N(0) and by
assumption, there exists a convex set Ues'a-N(0) such that UcS-x. Hence by Theorem 4.1 (7) again,
U+xes'a-N(x). As U+xc S and as U+x is convex, (X,7) is alocally convex semi"a-irresolute topological vector

space.

Corollary 4.32. In a locally convex semi*a-irresolute topological vector space (X.7), a pseudonorm p is

semi"a-irresolute 1f and only if p 1S semi’a-irresolute at zero.

Proof. If p is semi’a-irresolute, then p 1S semi'a-irresolute at zero. Conversely, suppose p 1S semi'a-irresolute at
0, and let xex and Ve N, (0 ). Then by Theorem 4.1 (7), ¥ - p(x)e N,(0 )=N,, (0) and thus (~¢& &)=V - p(x)
for some &>0. Clearly (—¢, &) being an open set in [ is semi’a-open set in . By assumption, there exists
Ues'a-N(0) such that p(U)c(-¢ ¢) and as p(y)20 for all yeu, p(U)c[0,¢). Then by Theorem 4.1 (7),
U+xes'a-N(x). Forall yeu, 0<p(x+y)< p(x)+p(y)<p(x)+e p(x+y)e[0,p(x)+¢). Therefore it follows that
p(U+x)cV.

Definition 4.33. Let 4 be an absolutely convex subset of a vector space X. Then the functional defined by
p(x)=inf{A:1>0,xe A4} is called the gauge of A.

Lemma 4.34. In a vector space X, the gauge of an absolutely convex and absorbent subset is a pseudonorm.

Now, we prove the main result in which we characterize absolutely convex and absorbent semi’a-neighborhoods
of zero in terms of their semi*a-irresolute gauges.

Theorem 4.35. Let p be a gauge of an absolutely convex and absorbent subset U of'a semi*a-irresolute topological

vector space (X, 7). Then p is semi’a-irresolute if and only if U is a semi’a-neighborhood of zero.

Proof. If p is semi‘a-irresolute, then as (-11) is a semi‘a-open set in U, V={x:p(x)<1}=p'[(-L1)] is a
semi'a-open subset of X. Thus as ¥ cU, Ues'a-N(0). Conversely, if Ues'a-N(0) and &>0, then by Theorem
4.1 (5), V=¢Ues'a-N(0) and p(x)<e for all xeV. Thus p(V)c(-¢ ¢). Hence, p is semi'a-irresolute at zero.
By Lemma 4.34, p is a pseudonorm and by Corollary 4.32, p 1S semi*a-irresolute at each xe x. Therefore p is

ok .
semi a-irresolute.

5. CONTRA SEMI"a.- TOPOLOGICAL VECTOR SPACES

In this section we present contra semi’a-continuous functions and investigate some of their properties and
characterizations. Then we introduce a new form of topological vector space called contra semi"a-topological

vector space and investigate its several properties and characterizations.

Definition 5.1. A function f:(X,7)—(Y,o) is called a contra continuous function if /' (¥) is open setin (X,7)

for every closed set ¥ of v.

Equivalently A function f:(X,7)—(Y.o) is called a contra continuous function if /' (V) is closed setin (.X,7)

for every open set ¥ of Y.
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Definition 5.2. A function f:(X,7)—(Y,o) is called a contra semi’a-continuous functionif f~'(¥) is semi*c -open
setin (X,r) for every closed set ¥ of (¥,0).

Theorem 5.3. If a function s :(X,7)—>(Y,o) is a contra continuous function, then / is a contra semi’a - continuous
function.

Proof. Let f:(X,7)—>(Y,o) be a contra continuous function. Let 7 be an open set in (Y,o). Since f is contra
continuous, then (V) is closed in (XX,7). Since C(X,7)csemi'aC(X,7). Hence f~'(V) is semi'a-closed in

(X,7). Therefore, f is contra semi’a -continuous.
Example 5.4. A contra semi*« -continuous function does not imply contra continuous function. Let X be a space

of real numbers with the usual topology 7 induced on it. Consider M = {l ‘nel } where // being the set of
n

natural numbers. Then M* is a semi’«-open set which is not open. Let ¥ = {1,2} with topology o ={¢,{1},Y}. Define
f:(X.7)—>(Y.0) by f(x)=1 for each xem and f(x)=2 for each xex—-am. Then f"({1})=M and M isa

semi"a -closed set which is not closed. Therefore, f is a contra semi’a-continuous function and not a contra
continuous function.

Definition 5.5. Let (X,7) be a topological space and 4 be a subset of x. A point xe.x is said to be kernelled
point of 4 (Briefly, x e Ker(4)) if and only if for each closed set B contains x, then BN A#¢.

Lemma 5.6. Let (X,7) be a topological space and 4, B be subsets of x. Then the following properties hold:
(i) Ker(4)=N{Uez:AcU}.

(ii) Ac Ker(A) and A=Ker(A) if 4 is openin X.

(i) If A< B,then Ker(A)c Ker(B).

Definition 5.7. Let N be a subset of a topological space (.x,7) and let xe x. Then ~ is called a semi”a-neighborhood
of x, if there exists a semi*a-open set U containing x such that U c N.

Theorem 5.8. Let /:(X,7)—(Y,0) be a function. Then the following statements are equivalent:
(1) s 1is contra semi’a-continuous.

(2) For each xe.x and each closed set 7 of Y with f(x)eV, there exists an semi'a-open set U of X containing
x such that f(U)cV.

(3) For eachx e.x and each closed set ¥ of Y with f(x)eV, f~(¥)is an semi’a-neighborhood of x.
(4) /7' (V) 1s semi’a~closed in X, for every open set ' in Y.
(5) f[s"a-Cl(4)] < Ker[ f(4)], for every subset 4 of x.

(6) s"a-Cl[ f™(B)]|< f™'[Ker(B)], for every subset B of Y.
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Proof. (1)=(2): Let xe x and ¥ be a closed set in Y such that f(x)eV. Since s is contra semia-continuous,
/(V)es'a-0O(X,t). By putting U = #~' () which is containing x,we have f(U)cV.

(2)=(3): Let v beaclosedsetin ¥ and f(x)eV. Thenby (2), there exists an semi*a-open set U of X containing
x such that f(U) cV.So xeUc [ (V) Hence £ (V) is an semi*a-neighborhood of x.

(3)=(1)=(4): Easy.

(1)=(5): Let 4 be any subset of x. Suppose that y ¢ Ker[ f(4)]. Then there exists a closed set ¥ of ¥ containing
y such that f(4)NV =¢. Thus, we have AN/ (V)=¢ and s'a-CI(4)Nf"'(V)=¢. Therefore, we obtain
f[s'a-Cl(4)]NV =¢ and y¢ f[s'a-Ci(4)]. This implies that f[s'a-Cl(4)]< Ker[ f(4)].

(5)=(6): Let Bbe any subset of y. By (5) and Lemma 5.6, we have /[s'a-Ci(f™(B))]< Ker| f(/7(B))]<
Ker(B) and s"oz-Cl[f’l(B)Jgf’1 [Ker(B)}

(6)=>(4): Let ¥ be any open set of Y. Then by Lemma 5.6, we have s'a-CI[ f(V)]c f'[Ker(V)]=f" (V) and
s'a-Cl[ £ (V)]= 7" (7). This shows that s~ (¥) is semi'a-closed in (X.7).

Theorem 5.9. If a function f:(X,7)—>(Y,o) is contra semi’a-continuous and g :(Y,o)—(Z,n) is continuous, then
the composition gof :(X,7)—(Z,;) is contra semi”a-continuous.

Proof. Let W be any open set in (Z,7). Since, g is continuous, then g (W) is open in (Y,o) and since f is
contra semi'a-continuous, then f~'[g”(W)]= (gof) (W) is semi’a-closed in (X,z). Therefore, gof is contra

semi” a-continuous.

Theorem 5.10. If 7 :(X,7)—>(Y,o) 1S semi’a-irresolute and g:(Y,o)—(Z.n) is contra ¢ -continuous, then their

composition gof :(X,7)—(Z.n) is contra semi’a-continuous.

Proof. Let w be any open setin (Z,77). Since, g 18 contra semi’a-continuous, then g™ (W) is semi’a-closed in (Y,0)
and since f 1S semi*a-irresolute, then [g'l (W)]:( go f)'l(W) is semi’a~closed in (.X,7). Therefore, gof is contra

semi” a-continuous.

Theorem 5.11. Letf:(X,7)—>(Y,c) be surjective semi'c-irresolute and semi'a-open function and let
g:(Y.c)—>(Z.n) be any function. Then their composition gof :(X,7)—(Z.n) is contra semi’a-continuous if and

only if g 1s contra semi’a-continuous.

Proof. The if part is easy to prove. To prove the only if part, let B be any closed setin (Z,). Since gof is contra
semi”a-continuous, then (gof) " (B)= /"' [ g’ (B)] 1S semi’@-open in (.X,7) and since f is semi’a-open surjection, then

7177 (27(B))]=g" (B) is semi'a-openin (¥,o). Therefore, g is contra semi'a-continuous.

Definition 5.12. A function f:(X,7)—(Y,o) is said to be pre semi'a-open if the image of every semi‘a-open set

of X is semi*a-open in Y.

Theorem 5.13. Let f:(X,7)—>(Y,0) be surjective, semi'a-irresolute and pre semi‘a-open function. Let
g:(Y.,c)—>(Z.n) be any map. Then gof:(X,z)—(Z.,n) is contra semi’a-continuousif and only if gis contra

semi”a-continuous.
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Proof. The if part is easy to prove. To prove the “only if” part, let gof :(X,7)—(Z.57) be contra semi"a-continuous
function and let B be a closed subset of z. Then (gof) " (B) is semi'a-open in X which implies f~'[g™(B)] is
semi‘a-open in X. Since, f 1is pre serni*a-open,f[f‘l(g'1 (B))]:g‘l(B) is semi'a-open in Y. So, g'(B) is

semi‘a-open in Y. Therefore, gis contra semi*c-continuous.

Theorem 5.14. If a function f.:(X,r)—>(Y,c) 1s contra semi’a-continuous and Y 1is regular, then fis

semi” a-continuous.

Proof. Let xe X and 7 be an open set in ¥ with f(x)eV. Since Y is regular, there exists an open set w in Y
such that f(x)ew < Cl(W)<V. Since fis contra semi’a-continuous, by Theorem 5.8, there exists an semi’a-open
U in X with xeU such that f(U)cCi(w). Then f(U)cCl(W)<V. Hence £ is semia-continuous.

Definition 5.15. Let /:(X,7)—(Y,o) be a function. Then the subset Gr(f)= {(x,f(x)) ‘xe X} c X xY is called the
graph of 1.

Theorem 5.16. A function f:(X,r)—(Y,o) is contra semi'a-continuousif and only if the graph function

g:X - XxY defined by g(x)= (x,f(x)) for each x e x is contra semi*a-continuous.

Proof. Necessity: Let s be contra semi*a-continuous. Now let x € X and let  be a closed subset of X xY containing
g(x). Then wN({x}xY) is closed in {x}xY containing g(x). Also {x}xYis homeomorphic to y. Hence

{ye¥:(x,y)eW}isaclosed subsetof v. Since f iscontra semi’a-continuous, U{/ ™ (»):(x,y) €W }is an semi'a-open
subset of (X,7). Further, er{f“ (y):(x.y)e W} cg'(W). Hence g (W) is semi'a-open. Then g is contra

semi”a-continuous.

Sufficiency : Suppose that g is contra semi’a-continuous and let B be a closed subset of ¥. Then X xB is a closed
subset of Xxxy. Since g 1is contra semi'a-continuous, g”' (XxB) 1is an semi'a-opensubset of x. Also,
g'(XxB)=s"(B). Hence fis contra semi’a-continuous.

Theorem 5.17. Let {(X,.z,):iel}be any family of topological spaces. If f:(X,7r)—[l1X, is a contra
semia-continuous  function, then 7o/ :(X,7)—(X,7,) is contra semi’a-continuous, for each iers, where z,is the
projection of [IX, onto X,.

Proof. Suppose U, is an arbitrary open set in X, for each ie 7. Then z,'(U,) is open in [1X,. Since f is contra

semi”a-continuous, /' [ﬂ-;l(Ui)]:(ﬂiO f)"(U,) is semi’a-closed in x. Therefore, 7,0/ is contra semi‘a-continuous.

Definition 5.18. Let X be a vector space over the field K =; or £ with standard topology. Let 7 be a topology
on X such that the following conditions are satisfied:

(1). Foreach x, yeXx and each open set W — X containing x+y, there exist open sets U and 7 in X containing
x and y respectively, such that U+V cw,

(2). For each 1€K, xeX and each open set W — X containing Ax, there exist open sets U in K containing 1
and 7 in X containing x such that UV cw.

Then the pair (X ) r) is called a topological vector space.
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Theorem 5.19. Every topological vector space (X ) r) is a regular topological space: i.e., If 41s a closed subset

of xand xis an element of X that is not in A4, then there exist disjoint open sets U and ¥ such that x et and
Ac V. Equivalently, for each point x € x and each open subset U of X containing x, there exists an open subset
v of xsuchthat xeV ccCi(V)cU.

Definition 5.20. A contra semi’a-topological vector space (X(K),r) is a vector space X over the field K (77 or 7))

with a topology ¢ defined on X, ., and standard topology on kX such that:

(K)
(1) for each x,ye X, and for each closed set W c X containing x+y, there exist semi”a-open neighborhoods U
and 7 of x and y, respectively in X such that U+V cw

(2) for each 1ek, xex, and for each closed neighborhood w c x containing a.x, there exist semi*a-open
open neighborhoods U of A in K and ¥ of x in X such that Uy cw.

Remark 5.21. It follows from the definition that topological vector space and contra semi”o-topological vector
spaces are independent concepts.

Theorem5.22. Let (X(K), r) be a contra semi*a-topological vector space. Suppose 7, : X — X is a right translation

and My X X is multiplication mapping, then both 7, and ar , are contra semi” a-continuous.

Proof. Let y be an arbitrary element in x and let w be a closed neighborhood of 7, (y)=y+x. By definition of
contra semi”a-topological vector space, there exist semi*a-open neighborhoods U and ¥ containing y and x,
respectively, such that U+y < w. In particular, we have U +x < W which means 7, (U) = w. The inclusion shows
that 7, is contra semi*a-continuous at y. Hence 7. is contra semi”a-continuous on X. Now we prove the statement
for multiplication mapping. Let 1<K and xe Xx. Let w be a closed neighborhood of A7, (x) = 2.x. By definition
of contra semi”a-topological vector spaces, there exist semi*a-open neighborhoods U in K and 7 in X containing
4 and x, respectively such that U» cw. In particular, we have A» cw, which means M, (V)cw. The

is contra semi*a-continuous at x. Hence Az, is contra semi*a-continuous on X.

inclusion shows that as 2

A

Theorem 5.23. Let (X(K), z') be a contra semi”a-topological topological vector space. Let 4 be a closed subset of

X. Then the following statements are true:
(1) Forevery yeX, 4+yes*a-0(X,7).
(2) For every nonzero A€k, Ades a-O(X,7).

Proof. (1).Let zeA+y. We have to show that zis a semi*a-interior point of 4+y. Now z=x+y, where x is
some point in 4. Then 7_,, : x — x is contra semi” ar-continuous  at z e X. Thus, for the closed set 4 containing

x T y)(z):x, there exists a semi“a-open neighborhood G, of z such that 7 y)(Gz)Z G, +(-y)< 4. This

implies G, < 4+y which shows that z is a semi”a-interior point of 4+y. Hence 4+yes*a-0(X,7).

(2) Let z e 2.4. We have to show that z is an semi”a-interior point of 1.4 Now z=1.x for some x in 4. We have

multiplication mapping M . :X — X is contra semi”a-continuous . Thus, for the closed set 4 containing

-1
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M. (z)=2"1z=x, there exists a semi*a-open neighborhood #, of z in x such that M -1 (H)=A" H,ca
This implies #, < 2.4. This shows that z is a semi"a-interior point of 1.4 Hence 1.4eaO(X,7).
An immediate consequence of Theorem 5.23 we obtain the following result.

Theorem 5.24. For any closed subset 4 of a contra semi™a-topological vector space X, the following assertions are
true:

(a) x+4c Int[Cl(Int(x + A))] for each xex.
(b) A< Int| Ci(Int(AA))]for each non-zero scalar A.

Theorem 5.25. Let (X(K), z’) be a contra semia-topological vector space. Let 4 be a closed subset of xand B be

any subset of x. Then 4+Bes"a-0(X,7).

Proof. By Theorem 5.23, we have A+bes*a-O(X,T), for any »eB. Then it follows that 4+B= U (4+b) is
beB

Sk :
semi a-openln X.

Corollary 5.26. Suppose (X ) z’) is a contra semio-topological vector space and 4 be a closed subset of x. Then

o0
the set U= U ndea0(X,7).
n=1

Theorem 5.27. Let (X(K), r) be a contra semi  o-topological topological vector space. Let G be an open subset of

X. Then the following statements are true:

(a) x+G es*a-C(X,z') for each xe x.
(b) AGes*a-C(x,7) for each non-zero scalar 4.

Proof. (a) Suppose that y e s*a-Ci(x+G). Consider z =—x+ y. Then we need to prove that y e x+G. Assume that
y¢x+G. This implies z=-x+y¢G. Then zew =X -G and w is closed in X. Sine X is contra semi"o-topological
vector space. Therefore, there exist semi*a-opensets U and 7 in X such that —xeU, yeVand U+V <W. Since
ye s*a-Cl(x+G), (x+G)NV =¢. So there is ae(x+G)NV. Now —x+aeGN(U+V)=GNW =GN(X-G). Thus
—x+aeGN(X-G)=¢. But this is impossible. Therefore yex+G and we conclude that s*a-Cl(x+G)cx+G.
Hence x+Ges*a-C(X,7).

(b) Suppose that x e s"«-CI(AG). Then we wat to prove that x € AG. Suppose that x  AG. Then = %x ¢ G. Hence
y:%xe w=x-G and wis closed. Since Xis contra semi*a-topological topological vector space, there exist
semi*@-open sets U in K containing % and ¥ in X containing x such that UV cw. By hypothesis

xes a-Cl(AG),we have (AG)NV =g¢. Therefore, there is a<(1G)NV. Now z:%aeGﬂ(UlV)gGﬂW:

GN(X-G). Hence zeGN(X-G)=¢. But this is impossible. Hence xeiG and we conclude that
s*a-Cl(AG) c AG. Thus G es”a-C(X).

An immediate consequence of Theorem 5.27 follows in the next Theorem.
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Theorem 5.28. For any open subset G of a contra semi”o-topological vector space X, the following assertions are
true:

(a) ci[mt(CI(x+G))|<x+G for each xe x.

(b) c1[1nt(c1(4G))] < AG for each non-zero scalar 4.

Theorem 5.29. Let (X(K),z') be a contra semi*a-topological topological vector space. Let 4 be a subset of x and

x € X. Then the following statements are true:
(a) s"a-Ci(x+A)cx+CI(4).

(b) x+s*a-Cl(A) = Cl(x+A).

(c) x+nt(A)c s*a-Int(x+A).

(d) Int(x+4)c x+s*a-lnt(A).

Proof. (a) Let yes"a-Ci(x+4) and consider z=-x+yin X. Let w be any open neighborhood of - Since
(X(K), r) being a topological vector is regular. So there exists an open set G such that ze G < CI(G) = W. Since
X is contra semi”a-topological vector space. So there exist semi”o-open sets U containing —x and ¥ containing
y in X such that U+V < CI(G). By assumption, we have (x+4)NV = ¢, so thereis a e X such that a e(x+4)NV.
It follows that —x+aedN(U+V)cANCI(G)cANw. This implies ANW=#¢ and hence we obtain
z=-x+yeCl(4), thatis, yex+CI(4). Therefore, s*a-Cl(x+A) = x+CI(A).

(b) Let zex+s"a-Ci(4). Then z=x+y for some yes*a-Ci(4). Let w be any open neighborhood of z. Since
(X(K), r) being a topological vector is regular. So there exists an open set G in X such that zeG< CI(G)cW.
Since X is contra semia-topological vector space. So there exist semi*a-opensets U,V es*a-O(X) such that
xeU, yeV and U+V cCI(G). Since yes*a-Ci(4), so we have 4Ny =g¢. This implies there is a e 4N¥. Thus
x+ae(x+A)NU+V)c(x+A4)NCI(G) = (x+A)NWw. This implies (x+4)NW =¢. Thus z=x+yeCl(x+4). Hence
the assertion follows.

(c)Letyex+nt(4). Then z=-x+yeInt(A4). Since (X(K), z’) being a topological vector is regular. So there
exists an open set G in X such that ze G < CI(G)< Int(4). Now zeCI(G) and X is contra semi” a-topological
vector space. So there exist semi*o-opensets U,V e s*a-O(X ysuch that —-xeU, yeV and U+V cCI(G). This
implies z=-x+ye-x+V cU+V = Cl(G)< A Whence we obtain y eV —x+4. Since V is semi” a-open, SO it shows
that y e s*a-Int(x+ 4) and hence consequently, x+ 7nz(4) < s™a-Int (x+ A).

(d) Let z=x+yent(x+4) for some yeA Since (X(K), z’) being a topological vector is regular. So there exists
an open set G in X such that ze G < CI(G) c Int(x+A4). Now zeCI(G) and X is contra semi " a-topological vector
space. Hence there exist semi‘a-opensets U,V e sa-0(x) such that xeU, yeV and
U+V cCl(G)cnt(x+A)cx+A4. Hence z=x+yex+VcU+V cCl(G)cnt(x+A4)cx+A This implies that
yeVcd Since Vis semi'o-open, so it shows that yes*a-fni(4) and hence z=x+ye x+s*a-lnt(A),
consequently, we conclude that 7nz(x+4) < x+s"a-Int(A4).
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Corollary 5.30. Let (X(K), r) be a contra semi” a-topological vector space. Let 4 be a subset of X and xe.x.Then

the following statements are true:
(a) s @-Cl(x+4)cx+Cly(4).
(b) x+s a-Cl(4)c Cly(x+4).
() x+Inty (A) < s a-Int (x+ 4).
(d) Inty(x+A)C x+5"a-Int(A).

Proof. We notice that for any topological space (.x,r) we have 60(X,r)cr. Hence for any subset 4of X,
Cl(A)c Cly(4) and Int(A)y < Int(A4). Then by using Theorem 5.29, the results follow immediately.

Similarly, arguments as in the preceding Theorem 5.29, we obtain the following useful result.

Theorem 5.31. Let (X(K), r) be a contra semi”a-topological vector space. Let 4 be a subset of X and 1 any non-

zero scalar in K. Then the following assertions are true:
(a) s¥a-Cl(2.4)c ACI(A).

(b) As*a-Cl(A4)c Cl(2.4).

(¢) Adnt(A) < s™a-Int(1.4).

(d) mnt(Ar.A) s a~ant(A).

Theorem 5.32. Let (X ) r) be a contra semio-topological vector space. Then the mapping @ : X x X — x defined

by O(x,y)=x+y, V (x,y) e X x X is contra semi” o-continuous.

Proof. Let (x,y)e Xx.X and let wbe a closed set in X such that ®(x,y)=x+yew. Then, by the definition of
contra semi”o-topological vector space, there exist semi”a-open sets UV es a-0(X) such that xeU, yeV and
U+V cW. Since UxV'is a-openin X xX (with respect to the product topology) such that ®(UxV)=U+V cW.

Hence, @ is contra semi*a-continuous at arbitrary point xxy e X xX. Therefore, ® is contra semi”o~continuous.

Theorem 5.33. Let (X ) r) be a contra semio-topological vector space. Then the mapping ¥ : K x X — x defined

by ¥(4,x)=24x, V(4,x)eKxX iscontra semi"o-continuous.
Proof. Trivial proof is omitted.

Theorem 5.34. Let (X ) z’) be a contra semi”a-topological vector space and (Y(K), 0') be a topological vector space.

Let 7:x —v be a linear map such that f is contra semia-continuous at 0. Then f is contra semio-continuous
everywhere.

Proof. Let xbe any non-zero element of Xand » be a closed set in Y containing f(x). Since translation of a
closed set in topological vector space is closed, V- f(x) is closed set in Y containing 0. Since f is contra
semi” o-continuous at 0, there exists an o-open set U in X containing 0 such that f(U)cV - f(x). Furthermore,
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linearity of f implies that f(x+U)c¥ and x+U is semi a-open setin x. Hence f is contra semi®o-continuous

at x. By hypothesis, f is contrasemi®a-continuous at 0. This reflects that f is contra semio-continuous.

Theorem 5.35. Let (X ) r) be a contra semi”a-topological vector space. Let : x — k be a linear functional which

is contra semi®o-continuous at 0. Then the set E={xe X : f(x)=0} is semi”o-open set in x.
Proof. The easy proof is omitted.

Theorem 5.36. Let (X ) z’) be a contra semi”o-topological vector space and 4 be any semi”a-compact subset of X.

Then y+ 4 is compact, for each ye Xx.

Proof. Let & ¢ such that y+ 4 cUe Therefore for each x e 4, there exists U, e & such that y+xecU,. Since X
being a topological vector space is regular. Hence there exists y, ezsuch that y+xeV, cCi(Vy)cU,. This

implies xe-y+V, c—y+CI(V,)c-y+U,, for each xe A Then by Theorem 5.23, & ={-y+CI(V,):xe 4]
cs"a-0(X,7) and clearly 4cU&*. By hypothesis, 4 is semi*a-compact. Therefore 4<U{-y+CI(Vy):xe B} for
some finite subset B 4. Whence we find that y+4cU{CI(Vy):xeB}. Thus y+4cU{Uy :xeB}. This shows
that y+ 4 is compact. Hence the proof.

Theorem 5.37. Let (X(K),r) be a contra semi”o-topological vector space and 4 be any semi*a-compact subset of x.

Then 14 is compact, for each scaler 4.

Proof. If 1 =0 we are nothing to prove. Assume that 2 is non-zero. Let & <z such that 14 < U Therefore for
each xe 4 there exists U, e& such that ixetv,. Since X being a topological vector space is regular. Hence

there exists v, ez such that ix eV, < CI(Vy)cU,. This implies thatx e %VX c %Cl ("e) < %U . Then by Theorem
5.23, it follows that ¢&*= {% Cl(Vy):xe A} cs'a-0(X,r) and clearly AcU&*. By hypothesis, 4 is a

1 .
semi” a-compact subset of x. Thus 4 QU{ZCI (Vy):x eB}for some finite subset B< 4. Whence we find that

A4cU{Cl(Vy): xeB}. This implies that 14 cU{Uy - x e B}. This shows that 14 is compact.

Definition 5.38. A function 1 :(X,7)—(Y,o) is said to be contra semi” a-open if f (U) i8 semi a-closed in (¥,o) for
every open set U of (X,7).

Theorem 5.39. The following statements are equivalent for function 1 :(X,7)—(Y.0):
(1) f is contra semi" @-open;
(2) f(U) is semi*a-openin Y for every closed set U in X;

(3) For every subset B of Y and for every open set Fof X with f -1 (B)c F, there exists an semi”a-closed set ¥/
of v with Bcv and s~ (r)c F;

4) For each y eY and every open set Fof X with 7 -1 y)< F, there exists a semi*a-closed set ¥ of Y with yeV
( v ry op y
and /~1(r)cF.
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Definition 5.40. A bijective mapping s from a topological space to itself is called contra semi”o-homeomorphism if

it is contra semi*a-continuous and contra semi” a-open.

Definition 5.41. A contra semi”a-topological vector space (X () r) is said to be contra semi*o-homogeneous space if

for all x,ye X, there is a contra semia-homeomorphism f of the space X onto itself such that f(x)=y.

Theorem 5.42. Let (X(K), r) be a contra semi*a-topological vector space. For given ye X and 1 in K with 1=0,

the right (left) translation map 7, :x— x+yand multiplication map M ; :x— Ax, where xeX are contra

semi” a-homeomorphisms onto itself.

Proof. It is obvious that right translations are bijective mappings. Then the translations 7,, and u , are contra

y

semi” ar-continuous mappings. We prove that the translation 7, is contra semi*a-open. Let U be any closed

y
neighborhood of x. Then 7,,(U)=U+y. By Theorem 5.23, U+ is semi'a-open in X. This proves that 7, is
contra semi” a-open mapping. Thus, we conclude that T) is contra semi” o-homeomorphism. Similarly, we can prove

that M X A.x,18 a contra serni*oc-homeomorphism.

Theorem 5.43. Every contra semi”a-topological vector space (X ) z’) is a contra semi”a-homogeneous space.
Proof. Take any x,y e X and put z=(-x)+y. Then 7, : X > X is an semi”a-homeomorphism and 7, (x)=x+z=y.

Theorem 5.44. Suppose (X(K), 1) is a contra semi*a-topological vector space and § is a subspace of x. If § contains

a nonempty closed set, then S is semi*a-open in X.

Proof. Suppose U # ¢ is a closed subset of x suchthat Uc S. Forany yesS theset T, (U)=U+y is semi” az-open
in x and is a subset of 5. Therefore, the subspace S=U{U+y:yeS} is semi"a-open in X, as being the union of

semi*a-open sets.

Theorem 5.45. Every closed subspace s of a contra semia-topological vector space (X(K),r) is also a contra

semi”o-topological vector space (called contra semi” a-topological subspace of X).

Proof. Let x,yeS and w be a closed neighborhood of x+y in 5. This gives w is a closed neighborhood of
x+y in X. Hence there exist semi*a-open neighborhoods U c X of x and ¥ < X of » such that U+V <w.Then
the sets 4=UNS and B=VS are semi a-open neighborhoods of x and j, respectively in §. Also
A+BcU+V cWw. Again, let 1<k and xeS. Let w be a closed neighborhood of A.x in §. Since s is closed
in X, w is a closed neighborhood of A.x in Xx. Hence there exist semi*a-open neighborhoods U c K of 4 and
V<X of x such that UV cW. Then the set A=UNK is semi*a-open neighborhood of 4 in K and the set
B=VNS is semi"a-open neighborhood of » in S. Also ABcUV < W, which means that § is a contra
semi " a-topological vector space.

Theorem 5.46.In a contra semi”o-topological vector space, for any closed neighborhood U of e there is an
semi*a-open neighborhood of e such that V+V cU.

Proof. Proof is simple, therefore omitted.
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Theorem 5.47. Let 4 and B be subsets of a contra semi*o-topological vector space (X(K), r). Then

s a-Cl(A)+s"a-Cl(B) < ker(A+ B).

Proof. Suppose that z=x+y, where xes*a-CI(4), yes*a-Ci(B). Let w be a closed neighborhood of z=x+y.
Then there are semi‘a-open neighborhoods U and » of x and y, respectively such that U+V cWw. Since
xes*a-Cl(A4), yesa-CI(B), there are ac ANU and be BNV. Then a+be(4+B)N({U+V)c (4+B)Nw This
implies (A4+B)NW = ¢. Therefore, it shows that z=x+yecker(4+B), that iS s*a-CI(A)+s"a-Cl(B) c ker(A+B).

6. SEPARATION AXIOMS WITH RESPECT TO SEMI-STAR-ALPHA-OPEN-SETS

In this section, we utilize semi*a-open sets to introduce the concepts of semi”a-regular, semi a-normal and

s*a-Tl- -spaces (i=0,1,2,3,4). We give some characterizations for each one of them and elucidate the relationships

among themselves as well as with S*“'Ti -space.
Definition 6.1. A topological space (X, r) is said to be:

(i) s*a-TO if for every a=be X, there exists a s*a-open set containing only one of them.

(i) s*a-1; if for every a=be X, there exist two semi”a-open sets one of them contains a but not » and the other

contains » but not a.

(iii) semi” at-Hausdorff (or s*a-Tz) if for every a=be X, there exist two disjoint semi”a-open sets U and ¥

containing « and b, respectively.

(iV) semi”a-regular if for every semi*a-closed set F and each ag¢F, there exist disjoint semi*a-open sets U and
¥ containing F and a, respectively.

(v) semi*a-normal if for every disjoint semi*a-closed sets F and H, there exist disjoint semi*a-open sets U and
v containing F and H, respectively.

(vi) s*a-T3 (resp. s*a-T4) if it is both semi* a-regular (resp. semi*a-normal) and s*a-Tl.
Theorem 6.2. The following three statements are equivalent:

(1) (x,7) isan s*a-TO-space.

(2) s*a-CI({a})=s"a-CI({b}) for each a=be X.

(3) For each acX, we have s*a-d({a}) is a union of semi*a-closed sets.

Proof. (1)=(2): For each a=he X, there exists a semi*a-open set G containing « but not 5, or containing b
but not a. Say aeG and beG. Then ags a-cl({b}) because G is a semi*a-open set containing « such that
GN{b}=¢. Since aes*a-cl({b}), then s*a-cl({a});t s*a-cl({b}).

(2):>(3): Let bes*(x-d({a}). Then »#a and be{a}Us*a-d({a}):s*a-Cl({a}). Thus, s*a-Cl({b})g s*a-Cl({a}).
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So be s*a-Cl({b}) c s*a-d({a}). Hence, S*a-d({a}) = U{s*a-Cl({b}) : for each b e s*a-d({a})}.
(3)=(1): Let a#b. Then we have two cases:

i) Either b es*a-d({a}). Then there is a semi” a-closed set F such that be F c s*a-d({a}). Since a ¢ s*a-d({a}),
(i)

then q ¢ F. Therefore FC€ is a semi*a-open set containing a such that b e F€.
(ii) Or bes*a-d({a}). Then there is a semi*a-open set G containing b such that a¢G.

In the above both cases, we infer that (X, 7) is an s*a-TO -space.

Corollary 6.3. An s™a-T,-space (X,7) contains at most one semi” a-dense singleton set ({a} is a semi" a-dense set

if s*a-Ci({a}) = X).

Proof. Let (X,7) be an s"a-T,-space. Suppose that there are two distinct singleton sets {a} and {»} such that
s*a-Cl({a})=s"a-CI({b})= X. Then (X,7) is not an s*a-TO-space, a contradiction. Hence, (X, r) contains at most
one semi'a-dense singleton set.

Theorem 6.4. Let (LY, 7) be a topological space. Then the following four statements are equivalent:
(1) (x.7) is an s"a-T;-space.

(2) Every singleton subset of (X, ) is semi” a-closed set.

(3) The intersection of all semi*a-open sets containing a set 4 is exactly 4.

(4) s*a-d({a})=¢ for each aex.

Proof. (1)=(2): Consider (X, ) is an s*a-Tl-space and let {a} c X. For all be X suchthat a=b, there exists a
semi” a-open set G containing b such that GN{a}=¢. Then bES*a-cl({a}). Therefore, s*a-cl({a}):{a}. Thus, {a}

. s
1S a semi a-closed Set.

(2)=(3): Let 4 be a subset of (X, 7). Then for each ae 4, we have {a} is an semi*a-open set containing 4.
Now, 4Ac {G : G is an semi” a-open set containg A} c {{a}c rae AC} c A Therefore, it  follows that
A4={G: G is an semi*a-open set containg A}, as required. (3)=(4): Suppose that there exists aex such that
s*a-d({a})# ¢. Then there exists b#a such that b s a-d({a}). Therefore (G—{b})N{a}#¢ for every semi’a-open

set G containing b. This implies that any semi*a-open set containing b contains « as well. Thus the intersection
of all semi*a-open sets containing b is not equal {b}. But this contradicts (3). Hence, it must be s*a-d({a})=4¢.

(4)=(1): Let a=b. Since s*a-d({a})=¢ and s*a-d({b})=¢, then {a} and {b} are semi"a-closed sets. Therefore

{a}° and {b}° are semi*a-open sets containing {b} and {a}, respectively. Thus, (X,7)is an s*a-T;-space.

Proposition 6.5. Every (X,7) satisfying the difference property for the collection of semi“a-open sets is an

s*a-T1 -space.
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Proof. Let azhe X, Since X is a semi"a-open set and (X, r) satisfies the difference property for the collection
of semi"a-open sets, then X —{a} and X —{b} are semi"a-open sets containing » and a, respectively, such that
an—{a} and beX—{b}. Hence, (X, r) is an s*a-Tl-space.

We need the following definition to obtain the equivalence between s*a-7; and s"a-7;.

Definition 6.6. A topological space (X,7) is called a semi*a-symmerric space if aes*a-CI({b}) implies that

be s*a-Cl({a})for azbeX.
Theorem 6.7. Let (X, 7) be a semi*a-symmetric space. Then it is s*a-Tl if and only if it is s*a-TO.

Proof. The necessary condition is obvious.

To prove the sufficient condition, let a=5. Then there exists a semi*a-open set G containing only one of them.
Say, aeG and beG. Therefore a e s a-Ci({b}). By the semi*a-symmetry of (X,7), we have bes*a-Cl({a}). Thus

[s*a-Cl({a})T is a semi"a-open set containing b. Hence, (X, 7)is s a-T}.

Theorem 6.8. Let (X, 7) be a topological space. Then the following three statements are equivalent:
(1) (x.7) isan s*a-Tz-space.

(2) {a} =N{F; : F; is a semi*a-closed neighborhood of a} for each ae x.

(3) The diagonal A={(a,a):acX} is semi"a-closed in the product space X xX.

Proof. (1)=(2): Consider (X,7) is an s*a-Tz-space. Then for a5, there exist two disjoint semi*a-open sets G,
and H; such that aeG, and beH, Obviously, G, c H. Therefore aes*a-Cl(G;)c H,  =F,. Thus, F; is a

semi” a-closed neighborhood of « such that » ¢ F. So, {a} = ﬂ{F; cFisa semi” a-closed neighborhood of a}.

(2):>(1): Suppose that a=be X. Then by (2), {a} = ﬂ{F; cFisa semi” a~closed neighborhood of a}, hence, there

exists a semi" a-closed neighborhood F, of a such that b¢ F, . Therefore there exists a semi” a-open set G
0 0
. . c . .
containing « such that s*a-CZ(G)gFl. . It is clear that [s*a-Cl(G)] is a semi”a-open set containing » and
0

Gﬂ[s*a-Cl(G)T =¢. Hence, (X, 7) is an s*a-Tz-space.

(1)=(3): Suppose that (X, 7) is an s*a-T,-space and let (a,5)e Xx X ~A. Then a=b. Therefore there exist two
disjoint semi”a-open sets G and H containing « and b, respectively. Thus, (a,b)e GxH < XxX —A, proving

that Xx X —A iSa semi*a-neighborhood of any of its points. Hence, A is semi” a-closed.

(3)=(1): Suppose that A is a semi"a-closed subset of XxX andlet a=beX. Then XxX—A is a semi*a-open
set containing (a,b). Therefore there exist two semi*a-open subsets G and H of (X,z) such that
(a,b)eGxH < XxX—A. This implies that G and H are two disjoint semi"a-open sets containing a and b,

respectively. Hence, (X, 7) is an s*a-T,-space.
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Theorem 6.9. Let (X, 7) be a topological space. Then the following three statements are equivalent:
(1) (X, r) 1s semi*a-regular.

(2) For each semi*a-open subset U of (X,7) containing a, there exists a semi*a-open subset ¥ of (X,7) such
that aeV c s*a-Cl(V) cU.

(3) Every semi*a-open subset U of (X,r) can be represented as follows:
U= U{H . H is a semi*a-open subset of (X, T) and s*a-Cl(H) c U}.

Proof. (1)3(2): Let (X,7z) be a semi"a-regular space and U be a semi” a-open set such that aeU. Then there
exist disjoint semi*a-open sets v and w containing « and U€, respectively. Therefore a eV W cU. Thus
aeVgs*a-Cl(V)gU.

(2)=(3): Suppose that U is a semi"a-open set. By hypothesis, for each acU, there exists a semi”a-open set H
such that ae H S*Ol-Cl(H) cU. Then U:U{H ;D His semi*a-open and s*a-Cl(H) c U}.

(3) = (1): Let F be a semi*a-closed set such that ¢¢ F. Then F¢ :U{H cHis semi*a-open and s*a-Cl(H) c Fc}.
Since aeF¢, then there exists a semi'a-open set H, containing « such that s a-Cl (Hg)c FC. Take

14 =[s*a-Cl (Hg )]c Then ¥ is a semi*a-open set containing F and ¥ NH, =¢. This completes the proof.
Theorem 6.10. Consider (X, 7) 1S a semi"a-regular space. Then the following statements are equivalent:
(1) (x,7)isan s*a-Tz-space.

(2) (x,7)isan s*a-Tl-Space.

(3) (x,7) isan s*a-TO-space.

Proof. The implications (1)=(2)=(3) are obvious.

(3)=(1): Let a=beXx. Since (X,z) is an s*a-TO-space, then from Theorem (6.2), we get
s*a-Cl({a})#s"a-CI({b}). Therefore aes*a-CI({b}) or bes a-Ci({a}). Say, aes*a-Ci({b}). Since (X,7) is
semi” a-regular, then there exist disjoint semi*a-open sets G and H containing « and s a-Ci({b}), respectively.

Thus (X, 7) is an S*a-TZ-space.
Theorem 6.11. Let (X, z) be a topological space. Then the following statements are equivalent:
(1) (X.7) is semi” a-normal.

(2) For each semi*a-closed set F and each semi*a-open set U containing F, there exists a semi*a-open set v
such that FcV c s*a-CI(V) cU.

(3) Forevery semi*a-open sets U and v such that UUV = X, there are two semi” a-closed sets F and H contained
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in U and 7, respectively, such that FUH = X.

Proof. (1)=(2): Consider (X, ) is semi” a-normal and F is a semi* a-closed subset of a semi*a-open set U. Then
U€ and F are disjoint semi”a-closed sets. Therefor there exist two disjoint semi*a-open sets w and ¥ containing
U¢ and F, respectively. Thus F <V W= s*a-Cl(W¢)cU. Hence, F <V cs a-Cl(V)cU.

(2)=(3): Consider U and v are semi"a-open sets such that UUV = Xx. Then U is a semi” a-closed set such that
U¢ V. By (2), thereis a semi”a-open set G such that U¢ cGcesa-Cl(G)cV. Thus G° cU and s a-CI(G)cV
y

are semi" a-closed sets such that G¢ Us"a-Cl(G)=X.

(3)=(1): Consider F and H are disjoint semi” a~closed sets. Since FC and HC are semi*a-open sets such that

FCUHC = X, then there are two semi” a-closed sets M and N such that M c F¢, Nc H® and MUN=x. Thus
M€ and N are two disjoint semi”a-open sets containing F and H, respectively. Hence, (X, 7) is semi” cr-normal.

Now, we show the implications of these separation axioms among themselves as well as with s*a-Ti -space.
Theorem 6.12. Every S*a-Ti-space is s*oz-Tl._1 -space for i=12,3, 4.

We complete this section by discussing these separation axioms in terms of hereditary and topological properties
and finite product space.

*
Definition 6.13. For a nonempty subset 4 of (X,7), the family ,% % = {AﬂG : G is semi” a-open subset of (X, r)} is

*
called a relative semi*a-topology on 4. A pair (A, Tilaj is called a semi*a-subspace of (X , r). One can easily

%
prove that a semi* a-subspace [A, z'il aj of (X, r) is a supra topological space.

F3
Proposition 6.14. Let (Y,Tf/aj be a semi”a-subspace of (X,7). A subset H of Y is supra semi” a-closed in

*
(Y, oy a] if and only if there exists a semi” a-closed subset F of (X,z) such that H=YNF.

%
Proof. Necessity: Let H be a supra semi” a-closed subset of | v, 3% |. Then there exists a supra semi* a-open
A p Y p P

*
subset w of (Y, T‘;“j such that 7=y-w. Now, there exists a semi"a-open subset ¥ of (X,z) such that
w =Y. Therefore H=Y-(YNV)=YNV°. By taking F =V°, the proof of the necessary part is complete.
Sufficiency: Let H=YNF such that F is a semi a-closed  subset of  (X,r). Then Y-H-=
Y-(YNF)=(YNX)-(YNF)=YN(X-F). Since X—F is a semi"a-open subset of (X,7), then Y—H is a supra

* *
semi” a-open subset of (Y, T;}“J. Thus H is a supra semi'a-closed subset of (Y, T‘;“j.

Definition 6.15. A property is said to be a relative semi’a-heriditary property if the property passes from a supra

topological space s*a-O(X, ) to every relative semi”a-subspace.

Theorem 6.16. A property of being an s*a-Ti -space 1s a relative semi’a-heriditary for i=1,2,3.
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Proof. We shall suffice with proof of case i =3 which directly contains the case ;=1. In a similar way, one can
prove the cases i=0, 2.

%k %
Suppose that (A, Til aj is a relative semi*a-subspace of an s*a-T3 -space (X, r), We first show that (A, Til a] 1s
an S*a-Tl-Space. Let x»yeAc X. Then there are two semi”a-open subsets U and ¥ of (X,7) containing x and
y, respectively, such that x¢7 and yeU. Now, G=ANU and H=ANV are two supra semi a-open subsets

* *
of [A, Tiiaj containing x and y, respectively, such that x¢## and yeG. Thus, [A, Tiiaj is s"a-1;. Second,

* *
we show that (A, TSAaj is supra semi”a-regular. Let H be a supra semi” a-closed subset of (A, Tiaj and ae 4

such that ¢ . It follows from Proposition 6.14 that there is a semi”a-closed subset F of (X.z) such that
H=FNA Since agF, then there exist disjoint semi*a-open subsets U and ¥ of (X,7) containing F and a,

%k
respectively. Now, M=UNA4 and N=V 4 are disjoint supra semi*a-open subsets of (A, ril aj containing H

sk
and «, respectively. Thus (A, TSAaj is supra semi” a-regular. Hence, the proof is complete.

Proposition 6.17. Let g (X, r)—)(Y, 0') be an injective semi'a-continuous mapping. If (Y, 0') is T, then (X, z') is
s'a-T for i=0,1,2.

Proof. We only prove the proposition in the case of i =2 and the other cases can be made similarly. Let a=be X.

Then, it follows from the injectivity of g, that there are x=yeY such that x= f(a) and y=f(b). Since (Y, o)

is 7,, then there are two disjoint open subsets U and ¥ of (Y, o) containing « and b, respectively. Now, ¢! (V)
and g~ (V) are disjoint semi”a-open subsets of (X, 7) containing « and b, respectively. Hence, (X, 7) is s*a-Tz,
as required. In a similar way, one can prove the following results.

Proposition 6.18. Let g.(X,7)—(Y, o) be a bijective semi”a-open mapping. If (X, r) is 7;, then (¥,o) is s*a-Ti
for i=0,1,2.

Proposition 6.19. Let g (X, 7)—(Y, o) be an injective semi” a-continuous mapping. If (X, 7)is s*a-Ti, then (Y, o)

is S*“'Ti’ for i=0,1,2.

Proposition 6.20. Let g (X, 7)—(Y, o) be a bijective semi”a-homeomorphism. If (X,7)is s*a-Ti then if and only
if (¥,0) is s"a-T, for i=0,1,2,3,4

Theorem 6.21. Two sets 4 and B are semi”a-open sets in a topological space (X, 7) if and only if the product
Ax B of them is semi*a-open in the product topological space X x.X.

Proof. Let 4 and B be two semi"a-open sets in a topological space (X,z). Then A< Cl*[a-Int(4)] and
B Cl*[a-Int(B)]. So AxB < ClI*[a-Int(A)|xCI* [ a-Int(B)]=CI*[a-Int(AxB)]. Thus AxB is a semi"a-open set.
Conversely, let AxB be a semi*a-open set. Then AxBc Cl*[a-Int(AxB)|= =CI"[a-Int(4)]xCI*[a-Int(B)]. So
Ac Cl*[a-Int(4)] and B < CI*[a-Int(B)]. Hence, the proof is complete.

Theorem 6.22. The finite product of s*a-Tl- -spaces 18 s*a-Ti -space for i=0,1, 2.

Proof. We shall suffice with proof of case i=2 which directly contains the case ;i=1. In a similar way, one can
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prove the cases i =0, 2. For simplicity, the proof'is given for two topological spaces (X, z) and (Y, o).

Let (X xY,T) be the product space of (X, r) and (Y, o). Suppose that (xl, y1)¢ (xz, yz)e X xY. Then either x; #x,
OF Y # y,. Without loss of generality, suppose that x| # Xy Therefore there exist two disjoint semi™a-open subsets
U and v of (X,r) containing x and x,, respectively. It follows from Theorem 6.21 that Uxy and ¥ xy are two
semi” a-open subsets of (XxY,T) containing (xl, yl) and (xz, yz), respectively, such that (UxY)N(V'xY)=4¢.

Hence, (XXY, T) is s*ot-T2 -space.

Definition 6.23. Let (X, 7) and (Y, o) be two topological spaces and (X xY,T) be their product space such that
& and ¢ are the collections of all semi“a-open subsets of (X,7z) and (v,o), respectively. Then
B= {G>< H:Geg and H e 52} defines a basis for a supra topology & on xxy. We called (X xY, &) a semi”a-finite

product supra space.

Lemma 6.24. Let (X,7) and (Y, o) be two topological spaces and (X xY, &) be their semi*a- finite supra space.
If £ is a supra closed subset of (XxY,¢&), then E= .ﬂ][(FixY)U(X le.)], where F, and H, are semi"a-closed
le

subsets of (X, 7) and (Y, o), respectively.
Theorem 6.25. The semi”a- finite product of s*a-Ti -spaces 18 s*a-Ti -space for i=0,1,2, 3.

Proof. We shall suffice with proof of case i=3 which directly contains the case i=1. In a similar way, one can
prove the cases i=0,2. For simplicity, the proof is given for two topological spaces (X, 7) and (Y, o).

Let (X x7, &) be the semi*a- finite product supra space of (X, z) and (v, o). We first prove that (X xY, &) is s*a-Tl.
Suppose that (xl, yl) # (xz, yz)e X xY. Then either x; =x, or y #y,. Without loss of generality, suppose that
Xy # Xy Therefore there exist two semi”a-open subsets U and ¥ of (X.7) such that x el x, 2V and Xy €V,
x, £V]. respectively. According to Definition 6.23, Uxy and »xY are two semi” a-open subsets of (X xY,&)
containing (x,, y,) and (xz, y2) such that (x. )€V xY10 and (xz, yz)éUxY‘ Hence, (X xY, &) is S*a-Tl. Second,
we prove that (XxY, &) 1s supra semi'a-regular. Suppose that (x, y)e XxY and E is a supra semi” a~closed subset

of (XY, &) such that (x, y)e E = nl[(Fl. xY)U(Xle. )J where F.and H, are semi" a-closed subsets of (X, 7) and
le

(Y.o), respectively. Then there exists je/ such that (x, y)e[(Fj xY)U(X xH ; ):l This means that x¢ F; and

yeH,. Since (X,7) and (Y,o) are semi” a-regular, then there exist disjoint semi*a-open subsets U and v of

(X,7z) containing x and F, respectively, and there exist disjoint semi"a-open subsets M and N of (Y, o)

containing y and H ;, respectively. Therefore Uxa and [(VxY)U(XxN)] are two supra semi'a-open subsets

of (XxY,¢&) containing (x, y) and [(Fj X Y)U(XxHj )} respectively. Obviously, Ec [(F] x Y)U(XxHj)} and

(UxM)N[(VxY)U(XxN)]|=¢. Thus, (XxY,T) is semi"a-regular. Hence, the proof is complete.
7. LIMIT POINTS OF A SET WITH RESPECT TO SEMI -STAR-ALPHA-OPEN-SETS

In this section, we introduce and study semi*a-limit points of a set. We explore many properties of them and
discuss their behavior on the spaces that possess the difference property.

Definition 7.1. A subset 4 of (X, 7) is said to be a semi”a-neighbourhood of xeXx provided that there is a
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semi” a-open set F containing x such that xe Fc 4.

Definition 7.2. A point xe X is said to be a semi"a-limit point of a subset 4 of (X,z) provided that every
semi” a-neighbourhood of x contains at least one point of 4 other than x itself.

The set of all semi” a-limit points of 4 is said to be a semi" a-derived set of 4 and is denoted by s"a-d(4).
Proposition 7.3. Let (X, 7) be a topological space and let 4c Bc X. Then show that s*a-d(4)cs"a-d(B).

Proof. Straightforward.

Corollary 7.4.Let (X, 7) be a topological space and let 4 and B be subsets of X. Then the following statements
are true.

(i) s*a-d(A)Us*a-d (B)c s a-d (4UB).
(ii) s*a-d(ANB)c s a-d(A)Ns" a-d(B).
Proposition 7.5. Let 4 be a subset of (X,7) and xeX. Then xes"a-d(4) if and only if x e s"a-d (4~ {x}).

Proof. Necessity: Let xes*a-d(4). Then for every semi*a-open set G containing x, we have (G-{x})N4#¢.
Therefore (G—{x})N(4-{x})=¢. Thus xe s*a-d[A —({x})]

Sufficiency: It follows from Proposition 7.3.

Theorem 7.6. Let 4 be a subset of (X, 7). Then the following results hold.
(i) 4 isa semi*a-closed setif and only if s"a-d(4)c 4.

(ii) AUs"a-d(A) is a semi”a-closed set.

(iii) s a-Cl(A)=AUs a-d(A).

Proof. (i) Suppose that 4 is a semi"a-closed set and x¢ A Then A€is a semi*a-open set containing x. In this
case A°NA=¢ leadsto xes a-d(4). Therefore s*a-d(A4)c A

Conversely, let xe4° and let s*a-d(4)c A4 Then xes*a-d(A). Therefore there is a semi*a-open set Gy
containing x such that (G,-{x})N4=¢. Since xeA®, then G NA=¢. Now, G,cA4° Therefore

4° =U{Gy :xe 4°} and hence A° being the union of semi*a-open sets is semi’a-open. Thus A is semi” a~closed.

(ii) Let xe [AUs*a-d (A)J. Then x¢4 and x¢s a-d(4). Therefore there is a semi*a-open set G such that
G A=¢. Furthermore, for each xeG, we have x¢s a-d(4). This means that GNs a-d(4)=¢. Consequently,
we  obtain  GN[AUs"a-d(4)|=¢.  This  implies  that  xes"a-d[4Us"a-d(4)]  Hence
s"a-d[ AUs"a-d (4)|c[ AUs"a-d(4)]. By (i), 4Us"a-d(4) isa semi"a-closed set, as required.

(i) Since Acs’a-Cl(4) and s'a-d(4)c s*a-d[s*a-CI(4)]cs*a-CI(4), then clearly we obtain
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AUs"a-d(4)cs*a-Cl(4). Since AUs"a-d(4) isa semi*a-closed set containing 4 and s*a-CI(A) is the smallest
semi‘a-closed ~ set containing 4, then s*a-Cl(4)c AUs"a-d(4). Therefore we conclude that
s*a-Cl(4)= AUs" a-d (4).

Corollary 7.7. If A is a semi”a-closed subset of a topological space (X,7), then s"a-d(4), s*a-d(s*a-d(A)),
s*a-d(s*a-d(s*a-d(A))), are semi" a-closed sets.

Definition 7.8. A mapping g:(X,7)—(Y, o) is said to be:

(i) semi” a~continuous if g_1 (H ) isa semi*a-open setin X for every semi*a-open setin Y.

(i) semi*a-open (resp. semi” a-closed ) if g(H) isa semi” ct-open (resp. semi”a-closed ) setin v for every semi*a-open

(resp. semi*a-closed) setin X.

(iii) semi’a-homeomorphism if it is bijective, semi a-continuous and semi” a-open.

Theorem 7.9. If g.:(X,7)—>(Y,0) is a semi*a-homeomorphism mapping, then g(semi*a-d(A)) =semi*a-d(g(A)) for
each Ac X.

Proof. Let a¢s”a-d(g(4)). Then there is a semi*a-open set H containing « such that (H-{a})Ng(4)=4. So
g ! [(H-{a})Ng(4)]= ¢ (¢)=¢. This implies that [g_l (H)-g! (a)}ﬂA — 4. Thus g~ !(a)es*a-d(4). Since g
is bijective, then a ¢ g(s*a-d(4)). Therefore g(s*a-d(4))c s a-d(g(4)). By reversing the preceding steps, we

find that s"-d(g(4)) < g(s"-d(4)). Hence, the proof is complete.

Definition 7.10. For a nonempty set X, a sub collection A of 2% is said to have the difference property provided
that GeA implies that G—{x} e A

Theorem 7.11. If (X,7) has the difference property for the collection of semi*a-open sets, then the following
properties hold for 4c X.

(i) st a-d [s*a-d(A)J c s*a-d(A).
(it) s"a-Ci| s*a-d(4)]=s"a-d(4)=s"a-d|s"a-CI(4)]
(iii) s*a-d(4)=4¢ if 4 is finite.

Proof. (i) Let xes"a-d(4). Then there is a semi*a-open set G containing x such that (G-{x})N4=¢. Since
(X, 7) has the difference property for the collection of semi*a-opensets, then G—{x} is a semi"a-open set.
Therefore (G-{x})Ns"a-d(4)=¢. Since x¢s a-d(4), then GNs*a-d[s*a-d(4)]=¢. Thus xes a-d[s"a-d(4)]

So, s*a-d [s*a-d (A)J c s*a-d(A).

(ii) Since s*a-d [s*a-d(A)J c s*a-d(4), then it follows from Theorem 7.6 that s*a-d(4) is a semi*a-closed set.

Therefore s*a-Cl[s"a-d(4)]= s a-d(4). Also, s"a-d(4)c s*a-d|s"a-Cl(4)] because 4c s a-Cl(4). Onthe other
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hand, let x ¢ s"a-d(4). Then it follows from (i) that (G-{x})N4=¢ and (G-{x})Ns"a-d(4)=¢. This means that
(G-{x})Ns"a-Ci(4)=¢. Therefore xgs*a-d|s*a-Ci(4)]. Thus s%a-d[s"a-Ci(4)]c s'a-d(4). Hence

s*a-d| s*a-Cl(4)]=s"a-d(4). Consequently, the desired result is proved.

(i) Let 4 be a finite subset of x. Suppose that there exists an element xe X such that x es"a-d(4). Then for
every semi'a-open set G containing x, we have (G-{x})N4#¢. Therefore for every ye4 such that y=x, we
have G—{x, y} isa semi” a-open set. Thus G-(AU{x}) is a semi'a-open set such that [G—(AU{x})]ﬂA =¢. This

implies that x ¢ s"a-d(4). But this is a contradiction. Hence, it must be that s"a-d(4)=¢.

8. CONCLUSIONS

Topological vector spaces are a fundamental notion and play an important role in various advanced branches of
mathematics like fixed point theory, operator theory, etc. We introduce and study a new class of space, namely
semi * a-irresolute topological vector spaces via semi* a-open sets. We investigate several new properties and

characterizations of semi* a-irresolute topological vector spaces. We present several properties and
characterizations of contra semi a-continuous functions in topological spaces. We use contra semi a-continuity to

introduce contra semi a-topological vector spaces. We explore some more basic features of contra
semi” a-topological vector spaces and interprets their relationships with some well-known existing spaces. We
utilize semi  a-open sets to introduce the concepts of semi" a-regular, semi" a-normal and s*a-Ti-Spaces
(i=0.1,2,3,4). We give some characterizations for each one of them and elucidate the relationships among

themselves. Furthermore, we introduce and study semi” a-limit points of a set. We explore many properties of
them and discuss their behavior on the spaces that possess the difference property.
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